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Stochastic optimization problems with constraints

Stochastic nonlinear optimization problem with deterministic constraints:

min
xPRd

f pxq “ Erf px; ξqs

s.t. cE pxq “ 0
cIpxq ď 0

§ f : Rd
Ñ R is the stochastic objective

§ cE : Rd
Ñ Rm are the deterministic equality constraints

§ cI : Rd
Ñ Rr are the deterministic inequality constraints

We do not have access to f and its derivatives
Have access to i.i.d. samples tξi ui from P and the realizations tf p¨ ; ξi qui that
we use to estimate f and its derivatives
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Applications in statistical machine learning

Finite sum objective

f pxq “
1
n

n
ÿ

i“1

f px; ξi q “
1
n

n
ÿ

i“1

f px; yi , z i q

§ distribution P is uniform over feature-outcome pairs tξi “ pyi , z i qu
n
i“1

Constrained maximum likelihood optimization
Nagaraj and Fuller [1991], Dupacova and Wets [1988], Shapiro [2000]

§ constraints encode some prior knowledge on the model parameters
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Applications in statistical machine learning

Finite sum objective

f pxq “
1
n

n
ÿ

i“1

f px; ξi q “
1
n

n
ÿ

i“1

f px; yi , z i q

§ distribution P is uniform over feature-outcome pairs tξi “ pyi , z i qu
n
i“1

Constrained lasso Gaines et al. [2018]

min 1
n

n
ÿ

i“1

pyi ´ zJ
i xq

2
` λ }x}1 subject to Ax ď b

§ see also James et al. [2020]

min f pxq ` λ }x}1 subject to Ax ď b

§ portfolio estimation
§ monotone curve estimation
§ generalized lasso

5



Applications in statistical machine learning
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Willard et al. [2020], Karniadakis et al. [2021]
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Other applications and related problems

Fairness constraints
Chen et al. [2022]

Optimal control
Kupfer and Sachs [1992], Betts [2010]

Nonlinear equality-constrained dynamic program
Na et al. [2021a]

PDE-constrained optimization
Rees et al. [2010]

Network flow
Bertsekas [1998]

Safe reinforcement learning
Shalev-Shwartz et al. [2016], Yu et al. [2019]
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Unconstrained optimization
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Gradient descent

min
xPRn

f pxq

§ ∇f : Rn
ÞÑ Rn is Lipschitz continuous with constant L

Gradient descent: choose an initial point x0 P Rn, repeat:

xk`1 “ xk ´ α∇f pxkq, k ě 1

Stop at some point
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Gradient descent

Theorem:
If α P p0, 2{Lq, then

ř8

k“0 }∇f pxkq}
2
2 ď 8, which implies t∇f pxkqu Ñ 0.

f pxk`1q ´ f pxkq ď ∇f pxkq
T

pxk`1 ´ xkq `
L
2 }xk`1 ´ xk}

2
2

“ ´α}∇f pxkq}
2
2 `

L
2α

2
}∇f pxkq}

2
2

ď ´
1
2α}∇f pxkq}

2
2

13



How to choose an appropriate step?
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Backtracking line search
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Stochastic gradient descent

min
xPRd

f pxq “ Erf px; ξqs

§ ∇f : Rn
ÞÑ Rn is Lipschitz continuous with constant L

Stochastic gradient descent: choose an initial point x0 P Rn and stepsizes
tαku, repeat:

xk`1 “ xk ´ αkgk , k ě 1

§ where Ek rgk s “ ∇f pxkq

Stop at some point
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Stochastic gradient descent
Not a descent method

f pxk`1q ´ f pxkq ď ∇f pxkq
T

pxk`1 ´ xkq `
L
2 }xk`1 ´ xk}

2
2

“ ´αk∇f pxkq
T gk `

L
2α

2
k}gk}

2
2

ùñ Ek rf pxk`1qs ´ f pxkq ď ´αk}∇f pxkq}
2
2 `

L
2α

2
kEk r}gk}

2
2s

§ eventual descent in expectation

Theorem:
If Ek r}gk ´ ∇f pxkq}

2
2s ď M, then

αk “
1
L ùñ E

«

1
k

k
ÿ

j“1

}∇f pxj q}
2
2

ff

ď OpMq

αk “ O
ˆ

1
k

˙

ùñ E

«

1
řk

j“1 αj

k
ÿ

j“1

αj }∇f pxj q}
2
2

ff

Ñ 0.
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Stochastic gradient descent

§ stochastic line search Paquette and Scheinberg [2020]
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Goal

Consider equality constrained stochastic optimization problem:

min
xPRd

f pxq “ Erf px; ξqs

s.t. cpxq “ 0

Develop an adaptive stochastic procedure based on sequential quadratic
optimization.
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Related approaches

Consider equality constrained stochastic optimization problem:

min
xPRd

f pxq “ Erf px; ξqs

s.t. cpxq “ 0

Penalty based methods
Ravi et al. [2019], Nandwani et al. [2019]

Projected stochastic first- and second-order methods
Nemirovski et al. [2009], Bertsekas [1982]

§ projection to the null space may not be easily computed
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Related approaches

Stochastic optimization with constraints

§ ℓ1-StoSQP – random projection used to select stepsize Berahas et al. [2021b]
§ fully stochastic setup
§ rank-deficient Jacobians Berahas et al. [2021a], inexactly solved Newton systems Curtis

et al. [2021], SVRG acceleration Berahas et al.
§ line-search StoSQP Na et al. [2022] , inequalities Na et al. [2021b]

§ random model setup

Stochastic optimization without constraints

§ TRish, a fully stochastic trust-region method for unconstrained problems Curtis et al.

[2019], Curtis and Shi [2020]
§ fully stochastic setup

§ random model setup
§ stochastic line search Paquette and Scheinberg [2020]
§ trust region methods Bandeira et al. [2014], Chen et al. [2017], Blanchet et al. [2019]
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Outline of the talk

SQP in a deterministic setting

Adaptive Trust Region Stochastic SQP
Extensions
Conclusion
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Sequential quadratic programming (SQP)

Consider: minxPRd f pxq subject to cpxq “ 0
§ the Lagrangian function Lpx,λq “ f pxq ` λT cpxq

SQP aims at finding a KKT point px‹,λ‹
q that satisfies (G ” ∇T c)

ˆ

∇xLpx‹,λ‹
q

∇λLpx‹,λ‹
q

˙

“

ˆ

∇f px‹
q ` GT

px‹
qλ‹

cpx‹
q

˙

“

ˆ

0
0

˙

Alternative view point

min
∆xPRd

f pxq ` ∇T f pxq∆x `
1
2 p∆xq

T ∇2
x Lpx,λq∆x

s.t. cpxq ` Gpxq∆x “ 0

The resulting Newton system

ˆ

Bk GT
k

Gk 0

˙ˆ

∆xk
∆λk

˙

“ ´

ˆ

∇xLk
ck

˙

§ Bk is an approximation of the Lagrangian Hessian ∇2
xLk

§ ∆xk is the search direction
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Trust-region sequential quadratic programming (TR-SQP)

min
∆xk PRd

∇T fk∆xk `
1
2 p∆xkq

T Bk∆xk

s.t. ck ` Gk∆xk “ 0, }∆xk} ď ∆k

§ ∆xk is the trial step at xk ; ∆k ą 0 is the trust-region radius

Figure from Nocedal and Wright [2006]
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Why trust-region method?

Figure from Nocedal and Wright [2006]

Computes the search direction and stepsize jointly
§ can yield a more significant reduction in f than line search methods

Stronger ability to explore negative curvatures of the Hessian matrix
§ Hessian modifications can be avoided

The trust-region constraint helps normalize steps
§ more robust to ill-conditioning
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Outline of the talk

SQP in a deterministic setting
Trust-Region Stochastic SQP

Extensions
Conclusion
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Trust-region stochastic SQP (TR-StoSQP)

TR-StoSQP subproblem at xk

min
∆xk PRd

ḡk∆xk `
1
2 p∆xkq

T Bk∆xk

s.t. ck ` Gk∆xk “ 0, }∆xk} ď ∆k

In the stochastic setting, f pxq, ∇f pxq, ∇2f pxq need to be estimated
§ ḡpxq is the estimate of ∇f pxq

§ based on one observation in this talk (fully stochastic setting)
§ overlined quantities represent estimates

Bk is an approximation of the Lagrangian Hessian ∇2
xLk

§ Bk is deterministic conditional on xk

Fully Stochastic Trust-Region Sequential Quadratic Programming for Equality-Constrained
Optimization Problems
Yuchen Fang, Sen Na, Michael Mahoney, Mladen Kolar
SIAM Journal on Optimization
https://arxiv.org/abs/2211.15943
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Trust-region methods for problems with constraints

Infeasibility of the subproblem

t∆xk P Rd : ck ` Gk∆xk “ 0u X t∆xk P Rd : }∆xk} ď ∆ku “ H

§ subproblem is unsolvable

Reason: trust-region radius is too short
§ increasing the trust-region radius would violate the spirit of the method

Solution: relax the linearized constraints
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How to relax linearized constriants?

Replace linearized constraints by inequalities
Celis et al. [1985], Powell and Yuan [1990]

§ }ck ` Gk∆xk} ď θk for some θk ą 0
§ TR-SQP subproblems are hard to solve due to inequalities

Maintain equality constraints but conduct a step decomposition
Vardi [1985], Byrd et al. [1987], Omojokun [1989]

§ no clear guidance for choosing involved user-specified parameters

We propose an adaptive relaxation technique
§ extends the method in Byrd et al. [1987]
§ adaptive without the need for user to specify parameters
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Adaptive relaxation technique

The trial step ∆xk is decomposed as ∆xk “ wk ` tk

§ the normal step wk P impGT
k q

§ the tangential step tk P kerpGkq

Normal step

vk “ ´GT
k rGkGT

k s
´1ck

§ solves ck ` Gkvk “ 0 without the trust-region constraint
§ the trust-region may prevent us from setting wk “ vk
§ wk “ γkvk for a scalar γk P p0, 1s

Tangential step

tk “ Pkuk for some vector uk P Rd

§ Pk “ I ´ GT
k rGkGT

k s
´1Gk is the projection matrix to the null space of Gk

30



Adaptive relaxation technique

The trial step ∆xk is decomposed as ∆xk “ wk ` tk

§ the normal step wk P impGT
k q

§ the tangential step tk P kerpGkq

Normal step

vk “ ´GT
k rGkGT

k s
´1ck

§ solves ck ` Gkvk “ 0 without the trust-region constraint
§ the trust-region may prevent us from setting wk “ vk

§ wk “ γkvk for a scalar γk P p0, 1s

Tangential step

tk “ Pkuk for some vector uk P Rd

§ Pk “ I ´ GT
k rGkGT

k s
´1Gk is the projection matrix to the null space of Gk

30



Adaptive relaxation technique

The trial step ∆xk is decomposed as ∆xk “ wk ` tk

§ the normal step wk P impGT
k q

§ the tangential step tk P kerpGkq

Normal step

vk “ ´GT
k rGkGT

k s
´1ck

§ solves ck ` Gkvk “ 0 without the trust-region constraint
§ the trust-region may prevent us from setting wk “ vk
§ wk “ γkvk for a scalar γk P p0, 1s

Tangential step

tk “ Pkuk for some vector uk P Rd

§ Pk “ I ´ GT
k rGkGT

k s
´1Gk is the projection matrix to the null space of Gk

30



Adaptive relaxation technique

The trial step ∆xk is decomposed as ∆xk “ wk ` tk

§ the normal step wk P impGT
k q

§ the tangential step tk P kerpGkq

Normal step

vk “ ´GT
k rGkGT

k s
´1ck

§ solves ck ` Gkvk “ 0 without the trust-region constraint
§ the trust-region may prevent us from setting wk “ vk
§ wk “ γkvk for a scalar γk P p0, 1s

Tangential step

tk “ Pkuk for some vector uk P Rd

§ Pk “ I ´ GT
k rGkGT

k s
´1Gk is the projection matrix to the null space of Gk

30



Adaptive relaxation technique

The trial step ∆xk “ γkvk ` Pkuk

How to chose γk and uk so that }∆xk} ď ∆k?

Adaptively decompose the trust-region radius into two segments

∆̆k “
}ck}

}∇̄Lk}
∆k and r∆k “

}∇̄xLk}

}∇̄Lk}
∆k

Choose γk : γk “ min
!

∆̆k{}vk}, 1
)

Compute uk : Approximately solve

min
uk PRd

mpukq “ ḡT
k Pkuk `

1
2uT

k PkBkPkuk s.t. }uk} ď r∆k

§ needs to satisfy the Cauchy reduction
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Fully stochastic trust-region SQP (TR-StoSQP)

Input:
§ sequence tβkuk Ď p0, 1s — related to trust-region radius
§ ζ ą 0 — controls the control parameters
§ µ´1 — the initial merit parameter
§ ρ ą 1 — controls the merit parameter update

Algorithm: Until convergence, repeat:
1. Generate control parameters
2. Estimate the gradient and generate the trust-region radius
3. Compute the trial step and update the merit parameter
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Fully stochastic trust-region SQP (TR-StoSQP)

Step 1: Generate control parameters

§ Generate a deterministic matrix Bk (conditional on xk)
§ approximation to the Hessian of the Lagrangian ∇2

xLk

§ Control parameters:
§ η1,k “ ζ min

!

1
}Bk }

, 6
}Gk }

)

§ τk “ L∇f ,k ` LG,k µ̄k´1 ` }Bk }

§ αk “
βk

4η1,k τk `6ζ

§ η2,k “ η1,k ´ 1
2 ζη1,kαk

Note: L∇f ,k , LG,k are (estimated) Lipschitz constants of ∇f pxq,Gpxq at xk

§ can be estimated Curtis and Robinson

§ can be replaced by universal quantities L∇f , LG such that
L∇f ,k ď L∇f , LG,k ď LG
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Fully stochastic trust-region SQP (TR-StoSQP)

Step 2: Estimate the gradient and generate the trust-region radius

§ Estimate gradient ḡk “ ∇F pxk ; ξq and compute ∇̄Lk

§ Compute the Lagrangian multiplier λ̄k “ ´rGkGT
k s

´1Gk ḡk

§ Compute the trust-region radius is generated

∆k “

$

’

’

&

’

’

%

η1,kαk}∇̄Lk} if }∇̄Lk} P p0, 1{η1,kq

αk if }∇̄Lk} P r1{η1,k , 1{η2,k s

η2,kαk}∇̄Lk} if }∇̄Lk} P p1{η2,k ,8q.

Note:
§ When }∇̄Lk} is small, ∆k ă αk

§ close to a first-order stationary point; require careful steps
§ different from deterministic setting – trust-region constraint is inactive when

iterates are close to a stationary point to maintain a fast convergence rate
§ ensure that the stationary point is not skipped due to errors in estimation

§ When }∇̄Lk} is large, ∆k ą αk
§ far from a stationary point – allow for larger improvement
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η2,kαk}∇̄Lk} if }∇̄Lk} P p1{η2,k ,8q.

Note:
§ When }∇̄Lk} is small, ∆k ă αk

§ close to a first-order stationary point; require careful steps
§ different from deterministic setting – trust-region constraint is inactive when

iterates are close to a stationary point to maintain a fast convergence rate
§ ensure that the stationary point is not skipped due to errors in estimation

§ When }∇̄Lk} is large, ∆k ą αk
§ far from a stationary point – allow for larger improvement
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Fully stochastic trust-region SQP (TR-StoSQP)

Step 3: Compute the trial step and update the merit parameter

§ Compute the trial step using the adaptive relaxation technique

∆xk “ γkvk ` Pkuk

§ Update the iterate xk`1 “ xk ` ∆xk

§ Set µ̄k “ µ̄k´1. Compute the estimated predicted reduction

Predk “ ḡT
k ∆xk `

1
2∆xT

k Bk∆xk ` µ̄kp}ck ` Gk∆xk} ´ }ck}q

Update µ̄k ÐÝ ρµ̄k until

Predk ď ´}∇̄xLk}r∆k ´
1
2 }ck}∆̆k `

1
2 }Bk}r∆2

k ` }Bk}∆̆k r∆k

Note:
§ iterates are always updated
§ the merit parameter is used for generating the trust-region radius
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Discussion of TR-StoSQP

Trust-region radius is constructed based on
§ input tβku P p0, 1s

§ control parameters tη1,ku, tη2,ku, tτku

§ current KKT residual }∇̄Lk}

Control parameters are automatically computed in each iteration of TR-StoSQP

Compared with Curtis and Shi [2020]
§ upper bound on βk is simplified to be 1
§ TR-StoSQP does not require tη1,ku, tη2,ku as input
§ growth condition on the gradient estimate
§ for a decaying tβku, we do not require the gradient error to decay

An ℓ2 merit function is used to balance objective value and constraint violation
Lµ̄pxq “ f pxq ´ finf ` µ̄}cpxq},

§ the merit function is not explicitly used in the algorithm
§ the stochastic merit parameter is adaptively chosen in each iteration
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Convergence theory

Assumption:
§ the iterates xk lie in some open convex set Ω
§ f and c are continuously differentiable; f is bounded below by finf
§ ∇f and the Jacobian Gpxq are Lipschitz continuous
§ }Bk} ď κB , }ck} ď κc , }∇fk} ď κ∇f , κ1,G ¨ I ĺ GkGT

k ĺ κ2,G ¨ I

Assumption:
There exists a stochastic K̄ ă 8 and a deterministic constant pµ, such that for
all k ą K̄ , µ̄k “ µ̄K̄ ď pµ.

§ this assumption is satisfied if ḡk is bounded

Assumption:
The estimate ḡk is an unbiased estimator of ∇fk , Erḡk | xk s “ ∇fk .
There exist constants Mg ě 1,Mg,1 ě 0 such that

Er}∇fk ´ ḡk}
2

| xk s ď Mg ` Mg,1pfk ´ finfq.
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Global convergence

Theorem: Suppose that βk “ β. If Mg,1 “ 0, then

1
K

K̄`K
ÿ

k“K̄`1

Er}∇Lk}
2
s ď

4
ηminαlβK Lµ̄K̄ px K̄`1q `

4Υ1Mg

ηminαl
β

KÑ8
ÝÝÝÑ

4Υ1Mg

ηminαl
β

Theorem: Suppose that
ř8

k“0 βk “ 8 and
ř8

k“0 β
2
k ă 8. Then

E

»

–

8
ÿ

k“K̄`1

βk}∇Lk}
2

fi

fl ă 8 and lim
KÑ8

1
řK̄`K

k“K̄`1 βk

K̄`K
ÿ

k“K̄`1

βkE
”

}∇Lk}
2
ı

“ 0.

In addition,

lim
kÑ8

}∇Lk} “ 0 almost surely.
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Empirical setup

ℓ1-StoSQP (Berahas et al. 2021)

§ τ̄´1 “ 1, ϵ “ 10´6, σ “ 0.5, ξ̄´1 “ 1, θ “ 10
TR-StoSQP

§ ζ “ 10, µ̄´1 “ 1, ρ “ 1.5

Hessian approximation
§ Identity matrix (Id)
§ Symmetric rank-one (SR1) update
§ Estimated Hessian (EstH)
§ Averaged Hessian (AveH)

Choices for βk

§ Two constant βk P t0.5, 1u

§ Two decaying βk P tk´0.6, k´0.8
u
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CUTEst test set

Constrained nonlinear optimization problems
§ BT4, BT5, BT8, BT9, MARATOS, HS39, HS40, HS42, HS78, HS79
§ Singularity of GkGT

k is not reported for all iterations
§ The initialization of primal-dual variables is given by CUTEst package

Stochastic oracle
§ the estimator of ∇fk is drawn from N p∇fk , σ

2
pI ` 11T

qq

§ the estimator of p∇2fkqi,j is drawn from N pp∇2fkqi,j , σ
2
q

§ σ2
P t10´8, 10´4, 10´2, 10´1

u.

The stopping criterion

}∇Lk} ď 10´4 OR k ě 105

We perform 5 independent runs
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KKT residuals

βk “ 0.5

βk “ k´0.6

βk “ 1.0

βk “ k´0.8
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Constrained logistic regression

min
xPRd

f pxq “
1
N

N
ÿ

i“1

log
´

1 ` e´yi pzT
i xq

¯

s.t. Ax “ b

LIBSVM collection
§ austrilian, breast-cancer, diabetes, heart, ionosphere, sonar,

splice,svmguide3
§ The initial iterate is set as all one vector
§ One sample is selected from the given N samples in each iteration
§ A P R5ˆd and b P R5

§ each entry follows a standard normal distribution
§ A has full row rank in all problems

Stopping criterion
}∇Lk} ď 10´4 OR 20 epochs

We perform 5 independent runs
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KKT residuals

constant βk decaying βk
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Outline of the talk

SQP in a deterministic setting
Adaptive Trust Region Stochastic SQP
Extensions

Conclusion
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Inequality constraints
Consider stochastic nonlinear optimization problem:

min
xPRd

f pxq “ Erf px; ξqs

s.t. cE pxq “ 0
cIpxq ď 0

Additional challenges:

§ inequality constrained (nonconvex) quadratic programs
§ SQP generates a descent direction of augmented Lagrangian only in a

neighborhood of a KKT point

Proposed solutions:

§ active-set SQP framework
§ subproblem is an equality constrained QP

§ the scheme uses a backup search direction
§ use SQP direction if it provides a descent direction
§ use a regularized Newton step or a steepest descent step of augmented

Lagrangian, otherwise

Inequality Constrained Stochastic Nonlinear Optimization via Active-Set Sequential Quadratic Programming
Mathematical Programming
https://arxiv.org/abs/2109.11502

45
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Randomized solvers for the Newton system
Solving the Newton system impractical for large scale problems

Solve the Newton system inexactly via randomized sketching
ˆ

S1
S2

˙T

loomoon

dˆpn`mq

ˆ

Bk GT
k

Gk 0

˙

loooooomoooooon

pn`mqˆpn`mq

ˆ

r∆xk
r∆λk

˙

“ ´

ˆ

S1
S2

˙T ˆ

∇xLk
ck

˙

looooooooooomooooooooooon

dˆ1

Main results

§ Almost sure global convergence guarantee.
§ Almost sure local linear convergence guarantee.

Constrained Optimization via Exact Augmented Lagrangian and Randomized Iterative Sketching
Ilgee Hong, Sen Na, Michael Mahoney, Mladen Kolar
ICML 2023
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Outline of the talk

SQP in a deterministic setting
Adaptive Stochastic SQP with line search
Adaptive Trust Region Stochastic SQP
Extensions
Conclusion
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Conclusion

Consider equality constrained stochastic optimization problem:

min
xPRd

f pxq “ Erf px; ξqs

s.t. cpxq “ 0

§ Adaptive stochastic SQP method
§ trust-region for fully stochastic setting

§ Almost sure global convergence
§ Exciting numerical results
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Future work

§ local convergence analysis
§ sample complexity analysis
§ finding second order stationary points

§ distributed optimization (federated learning) with constraints
§ safe RL

§ statistical inference

49



Thank you!

An Adaptive Stochastic Sequential Quadratic Programming with Differentiable Exact
Augmented Lagrangians
https://arxiv.org/abs/2102.05320

Inequality Constrained Stochastic Nonlinear Optimization via Active-Set Sequential
Quadratic Programming
https://arxiv.org/abs/2109.11502

Fully Stochastic Trust-Region Sequential Quadratic Programming for
Equality-Constrained Optimization Problems
https://arxiv.org/abs/2211.15943

Constrained Optimization via Exact Augmented Lagrangian and Randomized Iterative
Sketching
https://arxiv.org/abs/2305.18379
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ℓ1 penalized AdapSQP
The ℓ1 penalized merit function

Lµpxq “ f pxq ` µ}cpxq}1.

The condition in the first step

Ak “
␣

}ḡk ´ ∇fk} ď κgrad ¨ ᾱk}∇̄Lk}
(

The search direction p∆̄xk , ∆̄λkq is obtained by solving
ˆ

Bk GT
k

Gk 0

˙ˆ

∆̄xk
∆̄λk

˙

“ ´

ˆ

∇̄xLk
ck

˙

The penalty parameter is updated as µ̄k “ ḡT
k ∆̄xk{tpρ´ 1q}ck}1u

The condition in the third step

Bk “

!

|L̄k
µ̄k ´ Lk

µ̄k | _ |L̄sk
µ̄k

´ Lsk
µ̄k

| ď ´κf α
2
k

´

ḡT
k ∆̄xk ´ µ̄k}ck}1

¯)
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Implementation details (I)

ℓ1 SQP in Berahas et al. [2021b]
§ τ̄´1 “ 1, ϵ “ 10´6, σ “ 0.5, ξ̄´1 “ 1, θ “ 10
§ the Lipschitz constant is estimated around the initialization
§ the stepsize related sequence tβkuk

§ constant case: βk “ t0.01, 0.1, 0.5, 1u
§ decaying case: βk “ t1{k0.6, 1{k0.9u

non-adaptive stochastic SQP
§ setup as above
§ the stepsize sequence

§ αk “ t0.01, 0.1, 0.5, 1u
§ αk “ t1{k0.6, 1{k0.9u
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Implementation details (II)

adaptive stochastic SQP
§ ν “ 0.001 — make Lµ,ν similar to standard augmented Lagrangian
§ ᾱ0 “ αmax “ 1.5 — the selected stepsize may be greater than 1
§ µ̄0 “ ϵ̄0 “ 1
§ κgrad “ 1, pgrad “ pf “ 0.1, κf “ β{p4αmax q “ 0.05
§ Cgrad “ Cf “ t1, 5, 10, 50u

§ ρ “ 1.2
§ β “ 0.3 — a (nearly) middle value of interval p0, 0.5q

§ a fast local rate in deterministic case Lucidi [1990]

adaptive stochastic SQP
§ same as above, but without ν
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Comment on Adaptive SQP

Note that the dual search direction is ∆λk .
§ if Bk « ∇2

xLk and pxk ,λkq is close to a KKT point, then ∆λk « p∆λk

§ if an iterate is far from a KKT point or Bk ff ∇2
xLk , ∆λk and p∆λk are

significantly different

We want a dual direction and ∆xk to be a descent direction of Lk
µ,ν , ν ą 0,

µ ą 0 sufficiently large
§ sufficient condition: lim

αÑ0
GkGT

k ∆λkpαq “ ´pGk∇xLk ` MT
k ∆xkq
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Non-adaptive stochastic SQP
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Non-adaptive stochastic SQP
Notation:

ḡk “ ∇f pxk ; ξk
g q, ∇̄xLk “ ḡk ` GT

k λk ,

H̄k “ ∇2f pxk ; ξk
H q, ∇̄2

xLk “ H̄k `

m
ÿ

j“1
pλk qj ∇2cj pxk q,

T̄k “

´

∇2c1pxk q∇̄xLpxk ,λk ; ξk
H q, ¨ ¨ ¨ ,∇2cmpxk q∇̄xLpxk ,λk ; ξk

H q

¯

,

M̄k “ ∇̄2
xLkGT

k ` T̄k .

The stochastic search direction p∆̄xk , ∆̄λk q:
ˆ

Bk GT
k

Gk 0

˙ˆ

∆̄xk
r∆λk

˙

“ ´

ˆ

∇̄xLk
ck

˙

GkGT
k ∆̄λk “ ´pGk∇̄xLk ` M̄T

k ∆̄xk q

§ Bk ,Gk , ck are deterministic given pxk ,λk q

Next iterate:
ˆ

xk`1
λk`1

˙

“

ˆ

xk
λk

˙

` αk

ˆ

∆̄xk
∆̄λk

˙

§ tαk u: a prespecified stepsize sequence
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Convergence theory

Assumption:
§ the iterates pxk ,λkq lie in a convex compact set X ˆ Λ
§ f and c are thrice continuously differentiable over X
§ the Jacobian Gpxq “ ∇T cpxq has full row rank over X
§ xT Bkx ě γRH}x}

2 for all x P tx : Gkx “ 0, x ‰ 0u, }Bk} ď κB

Lemma: There exists a constant Υ0 ą 0 such that

Eξk
g ,ξk

H

„ˆ

∆̄xk
∆̄λk

˙ȷ

“

ˆ

∆xk
∆λk

˙

,

Eξk
g ,ξk

H

«

›

›

›

›

ˆ

∆̄xk
∆̄λk

˙›

›

›

›

2
ff

ď Υ0

˜

›

›

›

›

ˆ

∆xk
∆λk

˙›

›

›

›

2

` ψ

¸

.
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Convergence theory
Applying Taylor’s expansion and Lemma:

Eξk
g ,ξk

H
rLk`1

µ,ν s ď Lk
µ,ν ` αk

ˆ

∇x Lk
µ,ν

∇λLk
µ,ν

˙T ´

∆xk
∆λk

¯

`
Υ0κLµ,να

2
k

2

"

›

›

›

´

∆xk
∆λk

¯›

›

›

2
` ψ

*

If µ ě rµ, then
ˆ

∇x Lk
µ,ν

∇λLk
µ,ν

˙T ´

∆xk
∆λk

¯

ď ´rδ
›

›

›

´

∆xk
Gk ∇x Lk

¯›

›

›

2

From the system that gives the search direction:
›

›

›

´

∆xk
∆λk

¯›

›

›

2
ď

3κ2
M

κ2
1,G

›

›

›

´

∆xk
Gk ∇x Lk

¯›

›

›

2

Then

Eξk
g ,ξk

H
rLk`1

µ,ν s ď Lk
µ,ν ´ αk

#

rδ ´
3Υ0κLµ,νκ

2
M

2κ2
1,G

αk

+

›

›

›

´

∆xk
Gk ∇x Lk

¯›

›

›

2
`

Υ0κLµ,νψ

2
α2

k

If αk ď
rδκ2

1,G
3Υ0κLµ,ν κ2

M
, then

Eξk
g ,ξk

H
rLk`1

µ,ν s ď Lk
µ,ν ´

αkrδ

2

›

›

›

´

∆xk
Gk ∇x Lk

¯›

›

›

2
`

Υ0κLµ,νψ

2
α2

k
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Convergence theory
Applying Taylor’s expansion and Lemma:
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Convergence theory
Applying Taylor’s expansion and Lemma:

Eξk
g ,ξk

H
rLk`1

µ,ν s ď Lk
µ,ν ` αk

ˆ

∇x Lk
µ,ν

∇λLk
µ,ν

˙T ´

∆xk
∆λk

¯

`
Υ0κLµ,να

2
k

2

"

›

›

›

´

∆xk
∆λk

¯›

›

›

2
` ψ

*

If µ ě rµ, then
ˆ

∇x Lk
µ,ν

∇λLk
µ,ν

˙T ´

∆xk
∆λk

¯

ď ´rδ
›

›

›

´

∆xk
Gk ∇x Lk

¯›

›

›

2

From the system that gives the search direction:
›

›

›

´

∆xk
∆λk

¯›

›

›

2
ď

3κ2
M

κ2
1,G

›

›

›

´

∆xk
Gk ∇x Lk

¯›

›

›

2

Then

Eξk
g ,ξk

H
rLk`1

µ,ν s ď Lk
µ,ν ´ αk

#

rδ ´
3Υ0κLµ,νκ

2
M

2κ2
1,G

αk

+

›

›

›

´

∆xk
Gk ∇x Lk

¯›

›

›

2
`

Υ0κLµ,νψ

2
α2

k

If αk ď
rδκ2

1,G
3Υ0κLµ,ν κ2

M
, then

Eξk
g ,ξk

H
rLk`1

µ,ν s ď Lk
µ,ν ´

αkrδ

2

›

›

›

´

∆xk
Gk ∇x Lk

¯›

›

›

2
`

Υ0κLµ,νψ

2
α2

k

58



Convergence theory
Applying Taylor’s expansion and Lemma:

Eξk
g ,ξk

H
rLk`1

µ,ν s ď Lk
µ,ν ` αk

ˆ

∇x Lk
µ,ν

∇λLk
µ,ν

˙T ´

∆xk
∆λk

¯

`
Υ0κLµ,να

2
k

2

"

›

›

›

´

∆xk
∆λk

¯›

›

›

2
` ψ

*

If µ ě rµ, then
ˆ

∇x Lk
µ,ν

∇λLk
µ,ν

˙T ´

∆xk
∆λk

¯

ď ´rδ
›

›

›

´

∆xk
Gk ∇x Lk

¯›

›

›

2

From the system that gives the search direction:
›

›

›

´

∆xk
∆λk

¯›

›

›

2
ď

3κ2
M

κ2
1,G

›

›

›

´

∆xk
Gk ∇x Lk

¯›

›

›

2

Then

Eξk
g ,ξk

H
rLk`1

µ,ν s ď Lk
µ,ν ´ αk

#

rδ ´
3Υ0κLµ,νκ

2
M

2κ2
1,G

αk

+

›

›

›

´

∆xk
Gk ∇x Lk

¯›

›

›

2
`

Υ0κLµ,νψ

2
α2

k

If αk ď
rδκ2

1,G
3Υ0κLµ,ν κ2

M
, then

Eξk
g ,ξk

H
rLk`1

µ,ν s ď Lk
µ,ν ´

αkrδ

2

›

›

›

´

∆xk
Gk ∇x Lk

¯›

›

›

2
`

Υ0κLµ,νψ

2
α2

k

58



Convergence theory
Applying Taylor’s expansion and Lemma:

Eξk
g ,ξk

H
rLk`1

µ,ν s ď Lk
µ,ν ` αk

ˆ

∇x Lk
µ,ν

∇λLk
µ,ν

˙T ´

∆xk
∆λk

¯

`
Υ0κLµ,να

2
k

2

"

›

›

›

´

∆xk
∆λk

¯›

›

›

2
` ψ

*

If µ ě rµ, then
ˆ

∇x Lk
µ,ν

∇λLk
µ,ν

˙T ´

∆xk
∆λk

¯

ď ´rδ
›

›

›

´

∆xk
Gk ∇x Lk

¯›

›

›

2

From the system that gives the search direction:
›

›

›

´

∆xk
∆λk

¯›

›

›

2
ď

3κ2
M

κ2
1,G

›

›

›

´

∆xk
Gk ∇x Lk

¯›

›

›

2

Then

Eξk
g ,ξk

H
rLk`1

µ,ν s ď Lk
µ,ν ´ αk

#

rδ ´
3Υ0κLµ,νκ

2
M

2κ2
1,G

αk

+

›

›

›

´

∆xk
Gk ∇x Lk

¯›

›

›

2
`

Υ0κLµ,νψ

2
α2

k

If αk ď
rδκ2

1,G
3Υ0κLµ,ν κ2

M
, then

Eξk
g ,ξk

H
rLk`1

µ,ν s ď Lk
µ,ν ´

αkrδ

2

›

›

›

´

∆xk
Gk ∇x Lk

¯›

›

›

2
`

Υ0κLµ,νψ

2
α2

k

58



Adaptive stochastic SQP
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Sample size in Step 1

The sample size |ξk
g | is monotonically increasing and chosen so that the event

Ak “

"
›

›

›

›

ˆ

ḡk ´ ∇fk ` ν
`

M̄kGk∇̄xLk ´ MkGk∇xLk
˘

νGkGT
k Gk pḡk ´ ∇fk q

˙›

›

›

›

ď κgrad ¨ ᾱk

›

›

›

›

ˆ

∇̄xLk ` νM̄kGk∇̄xLk ` GT
k ck

νGkGT
k Gk∇̄xLk

˙
›

›

›

›

*

satisfies PpAc
k | xk ,λk q ď pgrad

§ κgrad ą 0, pgrad P p0, 1q are inputs to the algorithm
§ samples can be generated before selecting µ

Algorithm (Sample size selection):

While true do
1: Generate |ξk

g | samples ξk
g

2: If

|ξk
g | ă

Cgrad log
´

4d
pgrad

¯

κ2
grad ¨ ᾱ2

k

›

›

›

›

ˆ

∇̄xLk ` νM̄kGk∇̄xLk ` GT
k ck

νGkGT
k Gk∇̄xLk

˙›

›

›

›

2
^ 1

then |ξk
g | “ ρ|ξk

g |
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Stochastic SQP is well-posed

Lemma: Algorithm that selects the sample size |ξk
g | terminates in finite time (with

probability 1) and PpAc
k | xk ,λk q ď pgrad a large enough constant Cgrad .

§ the effect of the tuning parameter Cgrad is negligible

Lemma: If

|ξk
f | ě

Cf log
´

8d
pf

¯

$

&

%

κf ᾱ
2
k

˜

∇̄xLk
µ̄k ,ν

∇̄λLk
µ̄k ,ν

¸T ˆ

∆̄xk
∆̄λk

˙

,

.

-

2

^ ϵ̄2k ^ 1

for a large enough constant Cf , then

PpBc
k | xk ,λk , ∆̄xk , ∆̄λk q ď pf and Eξk

f
r|L̄k

µ̄k ,ν´Lk
µ̄k ,ν |2s_Eξk

f
r|L̄sk

µ̄k ,ν´Lsk
µ̄k ,ν |2s ď ϵ̄2k ,

where

Bk “

"

ˇ

ˇ

ˇ
L̄k

µ̄k ,ν ´ Lk
µ̄k ,ν

ˇ

ˇ

ˇ
_

ˇ

ˇ

ˇ
L̄sk

µ̄k ,ν ´ Lsk
µ̄k ,ν

ˇ

ˇ

ˇ
ď ´κf ᾱ

2
k

˜

∇̄xLk
µ̄k ,ν

∇̄λLk
µ̄k ,ν

¸T ˆ

∆̄xk
∆̄λk

˙*

.

§ the effect of the tuning parameter Cf is negligible
§ we do not need a While loop to select
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Stochastic SQP is well-posed

Lemma: The condition
ˆ

∇̄x Lk
µ̄k ,ν

∇̄λLk
µ̄k ,ν

˙T
´

∆̄xk
∆̄λk

¯

ď ´
γRH ^ ν

2
›

›

›

´

∆̄xk
Gk ∇̄x Lk

¯
›

›

›

2
and }ck} ď }∇̄Lk

µ̄k ,ν}

can be satisfied by the While loop in the stochastic SQP algorithm.

Furthermore, there exists a deterministic constant rµ ą 0 such that µ̄k “ µ̄K̄ ď rµ,
@k ě K̄ for some K̄ ă 8.

§ for each run of the algorithm, the merit function is invariant after certain
number of iterations

§ the threshold K̄ is random and might be different for each run
§ we study iterations after K̄ to establish global convergence
§ µ̄K̄ has a deterministic upper bound rµ
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Comment on convergence analysis

We set ω to satisfy

1 ´ ω

ω
ď

βpγRH ^ νq

32ρ
␣

κL
rµ,ν
αmax Υ3 _ pκgradαmax Υ1 ` Υ4q

(2 ^
1

4pρ´ 1q
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One-step error recursion
Lemma:

§ On the event Ak X Bk ,

Φk`1
µ̄K̄ ,ν,ω ´ Φk

µ̄K̄ ,ν,ω “ ´
1
2

p1 ´ ωq

ˆ

1 ´
1
ρ

˙

¨

˝ϵ̄k ` ᾱk

›

›

›

›

›

˜

∇xLk
µ̄K̄ ,ν

∇λLk
µ̄K̄ ,ν

¸›

›

›

›

›

2
˛

‚.

§ On the event Ac
k X Bk ,

Φk`1
µ̄K̄ ,ν,ω ´ Φk

µ̄K̄ ,ν,ω ď ρp1 ´ ωqᾱk

›

›

›

›

›

˜

∇xLk
µ̄K̄ ,ν

∇λLk
µ̄K̄ ,ν

¸›

›

›

›

›

2

.

§ On the event Bc
k ,

Φk`1
µ̄K̄ ,ν,ω ´ Φk

µ̄K̄ ,ν,ω ď ρp1 ´ ωqᾱk

›

›

›

›

›

˜

∇xLk
µ̄K̄ ,ν

∇λLk
µ̄K̄ ,ν

¸›

›

›

›

›

2

` ωp|L̄sk
µ̄K̄ ,ν ´ Lsk

µ̄K̄ ,ν | ` |L̄k
µ̄K̄ ,ν ´ Lk

µ̄K̄ ,ν |q.

§ if either function or gradient are imprecisely estimated,
then there is no guarantee that Φk

µ̄K̄ ,ν,ω will decrease

§ the increase of Φk
µ̄K̄ ,ν,ω can be controlled, when pf , pgrad are small enough
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›

›

›

›

›

˜

∇xLk
µ̄K̄ ,ν

∇λLk
µ̄K̄ ,ν

¸›

›

›

›

›

2

` ωp|L̄sk
µ̄K̄ ,ν ´ Lsk

µ̄K̄ ,ν | ` |L̄k
µ̄K̄ ,ν ´ Lk

µ̄K̄ ,ν |q.

§ if either function or gradient are imprecisely estimated,
then there is no guarantee that Φk

µ̄K̄ ,ν,ω will decrease

§ the increase of Φk
µ̄K̄ ,ν,ω can be controlled, when pf , pgrad are small enough

64



One-step error recursion
Lemma:

§ On the event Ak X Bk ,

Φk`1
µ̄K̄ ,ν,ω ´ Φk

µ̄K̄ ,ν,ω “ ´
1
2

p1 ´ ωq

ˆ

1 ´
1
ρ

˙

¨

˝ϵ̄k ` ᾱk
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