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Deep learning theory ;

Why does deep learning work well?

Several theoretical work has been conducted.
There are still many things that should be explored.

Clarify the principle of deep learning
What is essential to realize a “good” learning system?

In this presentation:
Feature learning

GPT
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[1 Transformer Decoder j
(2 Transformer Decoder J

(96 Transformer Decoder ]

[Alammar: How GPT3 Works - Visualizations and Animations,

htt I ithub.io/how-gpt3-works-visualizations- S .
anl'?;a/t/ljjnas';;marg' ub-lo/how-gpt3-works-visualizations [Dosovitskiy et al.: An Image is Worth 16x16 Words:

[Brown et al. “Language Models are Few- Transformers for Image Recognition at Scale.
Shot Learners”, NeurlPS2020] arXiv:2010.11929. ICLR2021]



Outline of this talk

2-layer NN

Linear f(z)=p"Wz
Nonlinear  f,(2) :/?"O'(”LUTZ)dM(T, w)

Multitask learning/In-context learning

1. Statistical analysis for high dimensional regression

2. Optimization guarantee for in-context feature
learning of Transformer



Effect of feature learning

In interpolation regime

[Keita Suzuki, Taiji Suzuki: Optimal criterion for feature learning of two-layer
linear neural network in high dimensional interpolation regime. ICLR2024]



High dimensional regression

High dimensional linear regression: [, € R

@:/B;rﬂfi—l—ﬁi (1=1,...,n)

where E[x;] = 0, E[x;x/ | = Zx, E[¢;] = 0, E[¢;] = 0%

High dimensional setting: d > n

Ridge regression: Y = [y;,...,y,]' € R", X =[z1,...,z,]" € R"*4

A 1
B =argmin —[|Y — Xg[* + )| 5]
BE]ROZ T

Q: How can the predictive error be improved by using A p

a two layer network?

3 = arg min —HY XW B2+ A|8I1°
BeERA




Predictive error °

~

Predictive error: R(3) =E,[(z' B, — BTéfi)z]
i = p1i(Xx)

Proposition (Tsigler and Bartlett (2020))

When Zy is diagonal, then the predictive error can be evaluated as follows:

R(B) ~B+V (Bias—Variance trade—off)
k
A
B:ZIBi TL +Zg>k _|_ Z 6*3/\
j=1

n2\;
1=k+1

2
V:E—I— 23 k1 A

n (n/\+zg>k i)

The tail of eigenvalues of covariance matrix Xy plays important role.
- Fast decay of 4; does not generalize when 4 = 0: Kernel regime

» Slow decay of 4; plays regularization

— Generalize even if 4 = 0: Benign overfitting
 Slow decay of 4; and large d does not generalize: Harmful overfitting




Eigenvalue decay and generalization 7

i (nA +
A\ = H”L(EX) Z (n Zj>k: + Z ﬁ
71=1 j=k+1
(118:11* < o0) vk Zf ki1 A§
i ~ -—q n (RA+ D2 A)?
; =

[Tsigler and Bartlett, 2020; Bartlett et al., 2019]
(3) Harmful overfitting (too difficult)
a <1, d>Qntt-2)

(2) Benign overfitting (difficult)

(interpolation regime)

a<l, d=o(n
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(1) Kernel regime (easy)
a>1
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Optimal regularization :

k d 2
n)\ + E k )\2

j=k+1 n (nA + Z;]>k i)?
Suppose that 8, ~ Zﬁ.
* (1) Slow decay of eigenvalue 4; —
* (2) Misalignment between  and x isotropic 8

B misaligned 8”

— Bad predictive error.
(Predictive error does not go to 0)

Misalignment:
B has large value toward non-principle components
of x (large j)

/ Y5 signal direction

L

2
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|8 1|%: ridge regression Optimal regularization
(anisotropic norm)




2 layer NN model ;

Student model AT
(2 layer linear NN) f(fE) =05 Wz
(W € Rd)(d)

.1
min ~|Y — XW | + A 8]

.1 > >
< min —||Y — X5 + )\HBH%WTW)—l
B N
Feature learning = Metric learning

We want to find the optimal W such that Wi = Z4.
— We need information of g’s distribution (i.e., Zp).

Multi-task learning (pre-training):

- ﬁ(l) ,3(2) 5(3)

1. | |
_ Y(J) _XWT (7)112 \ (2
L D D BD|2 + 89|

" LD \'

-1 ‘\\\4‘\}?//
J= IR

yi(j) _ (J)TW:EZ _|_€(J)

Each task t has the true coefficient ﬁfj).
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How W affects the result b

 Vanilla ridge regression:

flz)=p"z

?12)\3' .
J=k+1

d 2
Zj:k:Jrl Aj

V = n
(nA + Zj>k )\3")2

k 2 d
(MA+D 00 A)) ;
B=>"p 2o N + Y BN
=1
k
=—+
mn

Eigenvalues of Xy

characterizes the predictive risk.

* Feature learning:
flx)=p"Wa
Eigenvalues of WX, W'

characterizes the predictive risk.

> Alignment can be improved.

» Harmful overfitting regime can be turned to kernel regime.
uiEy) =j! wwywt) <t



Feature Iearnmg with DoF reg

min Y@ — xw T2 £ 18012
WERdXd”B(j)ERdZ H B H ||6 H

Just minimizing W does not lead to a good generalization.
(It can cause harmful overfitting)
— Difficulty of feature learning in high dimensional settings.

Our proposal: Mallows’ C, type regularization  vaiiows (1973)

m

1 (I . .
R(W) :=min — Wy 9 — xw T U2 L)W |2
(W) %ﬁ?m;(nll WY |12 4+ X189
o'*

+ —T[WX'XW' (WX XW " +nAl)"]

n
k J
Y

Degrees of freedom (DoF)

A=, (WEXTX)WT) N

P
DoF= Z}\A




Main result

Predictive error: R(1W) = %ZEQ;[(:UTB@ — fETB(j))Q]
=1

m

1 1, . . 2
R(W) = min — > (—||Y(3) — XWTBD|? + )\HBU)IIQ) + WX TXWT(WXTXWT +n\)™]
o1 T < T n
J=1

Theory (Predictive risk bound)

For sufficiently small § > 0, under some technical conditions, we have
that with high probability, the following holds uniformly over W:

R(W) Smax {R(W) — o2, 0}

»R(W) can be an estimator of the predictive risk.
— Minimization of R(W) leads to small predictive risk.



Main result 2
5p=13m pVRIT

Theory (Optimal risk bound)

Suppose that Tr[Z;ﬂZXZ;/Q] < (C < .

If to2 < ¢'?, then with high probability, it holds that:
/2

— to?
n

d
: 2 : o 1/2 1/2
mmlfn{R(W) -0} < E 1m1n{ aﬂi(zg ZXZ@ )}
j:

— The bound is that of kernel regime for ¥ « Zé/zx.

* Tr[Zy] = oo (d = ): Interpolation regime (Benign/harmful overfitting)

« Tr [Z;/ZZXZ;/ZI < oo: It becomes kernel regime by feature learning.
Eigenvalues of 2,/°2y25/* | The bound is achieved by
2 Ww =~ 2g.

n = The optimal regularization.




Optimal regularization

.1 1 . .
min —[|Y = XWT B2+ A|8> & min=[[Y — X8+ B2y
B N B M

The optimal bound in the theorem is achieved by
WTW = 3.
= The optimal regularization.

/ Zg: signal direction
: > / =

2
1815

|8 1|?: ridge regression Optimal regularization
(anisotropic norm)

« Alignment is improved
* Fast decay of u;(Zg) turns the problem into a kernel regime.



Bayes optimal regularization

m

1 ~ 2 _ _ ~ 2
EE Ey [(XTﬁ*i - XTWTﬁi(W)) l ~ Blas + Variance = Eg _»(05,) v~ (xp.,0%1) [”ﬁ* - ﬁ(W)”zX ]
i=1

/ = R(X, o, L(W)) (Bayes risk)

m

1 T

Xp = EZ BiBxi
i=1

This transformation is merit of multi-output setting

Suppose X is positive, then the minimizer of Bayes risk is given by

g = argmingR(X,0,B) = (XX + 0223_1)_1XT y.
(Bayes estimator)
Optimal regularization

Remark
Since we don’ t know Xz, we have to obtain good regularization by

feature learning



Effect of feature learning

2x
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Feature learning makes the problem easy one.



Case study

In some concrete situations, the feature learning
method can provably outperform the vanilla
ridge regression.

»Ridge regression: Predictive error=Q(1)
»Feature learning: Predictive error= o(1)

Here, we give two examples:
1. Harmful overfitting setting
2. Misaligned setting

(2% These are just typical situations. There are uncountable situations where 2
layer NN with DoF regularization can outperform ridge regression)



(1) Harmful overfitting

i = i (Xx)

Xx and Zg share the same eigen vectors.
v = pi(3p)

7 1< n . A4
T — 1 ( ) y Vi =1 2, d = n3 L Heavy tail eigenvalues
= (¢ >n) — Harmful overfitting

« Two layer NN 1/n
1

n2/3 vi A

* Ridge regression

Predictive error =

Predictive error = Q(l)




(2) Misaligned setting

Xx and Zg share the same eigen vectors.

i (otherwise)

)\7;:7:_1, Vi{n (l:n) , d>n /’{i“

* Two layer NN

1

Predictive error = ——
/N vit, ® .
l Misalignment

* Ridge regression

Predictive error = Q(l)




Experiment

* uj(Zx) = j=!

+ I = diag(1,2™% ..., 7%, ..., 1000~%) with a € {0,0.5,1, ..., 10}

0.5
—&— two-layer NN
R Bayes Optimal
v 0.0 —e— Normal Ridge
=
g -0.5
=
— —-1.0- .
S ' No feature learning
o -15
Y
O -2.0 . .
S — With feature learning
- =25
0 2 2 6 8 10
Aligned decay speed Misaligned

a



Computational issue

m

1 [ | .
S ~ v _ T2 1 \|131)]2
) = it m;lﬁ(nl\Y XW B+ Alls H)

12
+ L e wXTXWT(WXTXWT + nAl)~Y]

n

How to minimize R(W)?

— Global optimality of noisy gradient descent

The DoF regularization is not a standard
technique in the deep learning literature.

— Label noise acts as the DoF reqgularizer



2-layer NN in mean-field scaling ~

« Extension to 2-layer nonlinear neural network:

d
flz)=38"Wz = Zﬁjo T
j=1
¥
.M
f(z) = i ajo(w, z)
=1

Mean field limit M — oo l

fa,u(x) :/CL(”UJ)O'(wa)dM(’w)

we R, peP(RY), ae L*(p)



Label noise and WG flow

[Takakura&Suzuki: Mean-field Analysis on Two-layer Neural Networks from a Kernel Perspective.
2024]

m

, 1
Min E;

2 time scale optimization:

T

59 (y?) - / aU)(w)a(wai)du(w))z + Ala”)l?m]

n -
=1

( (1) Optimization with respect to a with fixed u:

m n

J PG =min Y [% 2 (:%” - / a(J)(w)U(’wai)d#(w)) + >~|a<f)|%m]

j=1 i=1
(2) Optimization of F with respect to u:  (Wasserstein gradient flow)

\. OF
ft+1 & pr +nV - (V 6(5”) (+ Entropy regularization)
More precisely, mean field Langevin dynamics
[ w0 o op® g 2 (@Y L are, e = Law(w(D) ]

Op

Theorem (informal)
We have convergence of this algorithm with [og-Sobolev assumption.

F(u) — F(p*) < exp(—at)(F(uo) — F(u*))




Label noise as regularization

- Label noise training

. 1 j ’ -
~(4) .__ . + ~(j () () 112
al) .= arg min — E 0 / J o(w' z;)dp(w )) + A||aV ||L2(;u)

a(J‘) i=1

N

Label noise: y,gj) + E,Ej) where é'l-(j) ~ U([—d,d])

Z(;J) /&(

- First layer training

: Em:
T
71=1
(no Iabel noise)

Lemma [Takakura&Suzuki, 2024]

2
”(w)cf(wTﬂfi)du(’tU)> +>\|€i(”liz(“)]

\52 Degrees of freedom A
EelG ()] = F(u) + =—Tr [£,(8, +nAD ™
wh ZA]MZ-J: J’wTa':@-JwT:Ejd w) (1€ |nj, 7€ [n
ere (S = [ o rotueutw) Gl e

« Label noise training acts as Degrees of Freedom regularization.
* Maean field Langevin dynamics can optimize the objective.




In-context learning

by Transformer

Kim, Suzuki: Transformers Learn Nonlinear Features In Context: Nonconvex Mean-
field Dynamics on the Attention Landscape. arXiv:2402.01258.



In-context learning

Model Ye,i = Fy (T44)

Pretraining (T tasks) :

* The true function F; is different
for different tasks.

* F;is randomly generated from
some distribution.

X¢ = [Te1; .5 Ten)

» We observe pretraining

XT task data T times.

Yi=lyt1;-- ;Y]

» Each task has n data.

Test task (In-context learning) :

Predict

X741 = [T41,15 -+ TT+1,n]

VR

TT1ne1  ILELnA+1

YT+1 = [yT+1,1; e SyT—I—Ln] ‘




Model: Nonlinear feature

Linear model with nonlinear features:
F? () = @;rfO(;C) where v, ~ N(0,1) and f°(x) € RE.
We want to estimate the nonlinear feature f° by pretraining.

Mean field neural network:

() = / ho(2)du(6) € R¥ AR

Linear Attention
ho(z) =ac(w'z) (= (a,w)c R xR?)

Linear attention mOdel [Ahn et al.: Linear attention is (maybe) all you need (to

understand transformer optimization). arXiv:2310.01082]

—Zyuh (i) Thu(zqr,s) " Yaryt

= 1Va|ue Key Query Pl’edICt

yqr,t
ProAm pt AI:m&;ention

(" h
Key hu (xl,t) hu (xi,t) hu (xn,t) hu (xqr,t)
Query
Value Vit Vit Vnt ?

(1—1 = kak)




In-Context Learning (ICL) risk

Empirical ICL risk :

T

2
L(p,T) = T Z (yqr,t o Zy’é,th,u,(xi,t)—rrhu(xqr,t))

t=1

— Minimize with respect to y, T.

The expected ICL risk: (Large sample limit: n - oo and T — )
o} o 2
ﬁ(u, F) = Eazqr Mf (xqr) o Em[f (f)hu(ﬂf)T]Fhu(wqr)H }
(note that y; , = v{ f°(x; 1))

Question : Can we optimize u,I" by a gradient descent?
(Infinite-dimensional non-convex problem)

There have been many work on optimization guarantee on
ICL for linear model: Zhang et al., (2023), Mahankali et al.

(2023), Guo et al. (2023) to name a few.
Our novelty: Optimization guarantee w.r.t. nonlinear

feature learning (h,).




Two time scale dynamics .

Feature covariance >, , 1= Ex [hM(X)hI (X)]

Assumption (realizability of the true feature)

There exists u° such that f° = h,- and Z - ;o « . }

Two time-scale dynamics (T is optimized first):

£(n) = min £, T) = minEq,, [[[°(ar) — Ealf* (@) () I hy(agr)|

= B, [[17° @) — S S|

. 1t is the minimizer iff h, = Rh, o for an invertible matrix R
Wasserstein gradient flow to minimize £:

0L
® Oy =V- (Ntv (ut))

Op
do, . 5['(/«515) _
E=-V o (0:)  (ue = Law(6;))




Strict saddle

Theorem 1 (Strict saddle property of the loss landscape)

There exists a descent direction or negative curvature.



Strict saddle

For an orthogonal matrix R € O(k), define R#u as the push-forward
of u along the rotation R: (a,w) » (Ra,w),i.e., hgy, = Rh,,.

Theorem 1 (Strict saddle property of the loss landscape)
If u € P is not the global minimum, then one of the followings holds:

(1) (1-1) There exists R € conv(0(k)) such that
d

&E(Ns)

(1-2) Furthermore, if 0 < L(u) < 1r°/2, then

<0 where s = (1 — s)u + sRiu°.
0

S=

d . 4 T0
&E(Hs) 0 — o ||O_||?)O£’(”) (5 o ’C(ﬂ))
(2) Otherwise,
To d®L(fis) 4 2
L) > 5 and - =3 S “Roz FW

There exists a descent direction or negative curvature.



Behavior around the critical point *

Let the “Hessian” at u be
H,(0,0") :== VoV

0°L ()
o2

Lemma

The Wasserstein GF u; around a critical point u* can be written as
(id + ev,)#u™ where the velocity field v, follows

Dy (6) = — / H . (0.6)0,(0')du* (&) + O(6)

(c.f, Otto calculus)

(6,0")

Negative curvature direction exponentially
grows up!

U; moves away from the critical point.

Theorem (Informal)

The solution is not captured by any critical point almost surely.
(The solution converges to the global optimal solution almost surely)




Decay speed of objective ”

Suppose that H%H < R (which could be ensured by using birth-death
t oo

process).

Theorem (GF moves toward a descent direction (1))

d

< -0 = iﬁ(ﬂt) < —-R7'6%
ds

s=0 dt

Theorem (Accelerated convergence phase (2))

Once L(u;) < % — € Is satisfied,

L(pe+r) <O (RTHZ)

Theorem (Negative curvature around a saddle point (3))

<A = min—eigen—value(Hm) < -A/R

Escape from the critical point exponentially fast.




Numerical experiment

We compare 3 models withd = 20, k = 5, and 500 neurons with sigmoid act.
All models are pre-trained using SGD on 10K prompts of 1K token pairs.

-

. attention: jointly optimizes L(u,T).
. static: directly minimizes L(u).

N

3. modified: static model implementing birth-death & GP
(a) training error (b) misspecified (c) test task: max (d) test task: norm
0.6 1.8 1.0
—— attention 3.0
0.5 —— static 1.6 0.9
—— modified = 22
0.4 2o 14 0.8
0.3 1.5 1.2 0.7
0.2 10 Lo 0.6 -Mﬂ
0.1 0.5 T 0.5
0.8
0.0 0.0 0.4
0.0 0.5 1.0 0.0 0.5 1.0 0.0 0.5 1.0 0.0 0.5 1.0
epochs (1e4)

— verify global convergence as well as improvement for misaligned model
(kerye = 7) and nonlinear test tasks g(x) = max hy: «(x)j or g(x) = ||k, (x)|| .
Js



Conclusion

* Feature learning by 2-layer NN
» Statistical analysis in high dimensional regression
»Optimization theory of in-context feature learning in
Transformer
 [High dimensional regression]
» Optimal reqularization via Degrees of Freedom reg
> Overﬁtting regime — Kernel regime

R(W <Zm1n{l/n e 1/22)(21/2)}

* [In- context feature learning by Transformer]
> The loss landscape is like strict saddle

» The solution is hardly captured
by a saddle point

() L)
(i) Otherwise, £(x) > =

<0 where iy = (1 — s)u + sRiu°.
d?L(fis)
ds?

s—

and

s=0 —  klloll%



