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Introduction
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Introduction

Task: given n training samples and p parameters to be estimated, charac-
terize the generalization performance of the empirical risk minimizer.

• Classical Large-sample Limit: n→∞ under fixed p.

• Proportional Asymptotic Limit: n, p →∞, p/n→ (0,∞).

Why do we care about the proportional limit?

• Modern machine learning systems are often overparameterized.

• Many interesting phenomena can be precisely analyzed in this regime.

This Talk: least squares regression in the overparameterized regime:

• (generalized) ridge regression: what is the optimal explicit regularization?

• (weighted) ridgeless interpolant: what is the optimal implicit regularization?
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On the Optimal Weighted `2 Regularization in
Overparameterized Linear Regression

Denny Wu and Ji Xu.

(NeurIPS 2020)

• Rigorous explanation of the observation
that the optimal λ in ridge regression
can be negative.

• Characterization of the optimal weighted
shrinkage under overparameterization.
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Standard ridge ⌃w = I

Optimal weighted ridge ⌃w = ⌃�1
�
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Ẽ(ỹ � x̃>�̂�)2 (Empirical)
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Surprises in Overparameterized Least Squares Regression

Motivating Example – Ridge Regression: given feature matrix X ∈
Rn×d and response y ∈Rn, estimate the true parameters via

θ̂ = (X>X + λId)−1X>y .

What happens in the overparameterized regime, i.e. γ = d/n > 1?

• Intuition (classical): more overparameterized
model (larger γ) ⇒ more regularization
required (larger λ).

• Reality: without regularization (λ→ 0), the
population risk may decrease as γ increases.

Message: estimators in the overparamterized regime can generalize
(in the absence of explicit regularization)

• M. Belkin, D. Hsu, S. Ma, S. Mandal. Reconciling modern machine learning and the bias-variance trade-off.
• T. Hastie, A. Montanari, S. Rosset, R. Tibshirani. Surprises in high-dimensional ridgeless interpolation.
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Implicit Regularization of Overparameterization

One explanation: overparameterization ⇒ implicit `2 regularization (?)

Example: Let yi = x>i θ? + εi , where xi
i.i.d.∼ N (0, Id). Let γ = d/n > 1 and θ̂

be the minimum `2 norm solution,

E[‖θ̂‖22|X ]→ ‖θ?‖22/γ + Var(ε)/(γ − 1), as n, d →∞

which is a decreasing function of γ.

Rough intuition: larger γ ≈ stronger (implicit) `2 regularization.

Question: Can optimal regularization be negative (λ < 0) when d > n?

• Empirically? Yes! “Negative ridge” phenomenon [Kobak et al. 2020].

• Theoretically? Not yet! Requires more general setup (this work).

• Kobak et al. 2020. Optimal ridge penalty for real-world high-dimensional data can be zero or
negative due to the implicit ridge regularization.
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Problem Setup and Assumptions

• Data model: yi = x>i θ? + εi , 1 ≤ i ≤ n; xi ∈ Rd .

• Estimator: generalized ridge regression

θ̂λ =
(
X>X +λΣw

)†
X>y .

• Goal: characterize the prediction risk R(θ̂λ) = Ex̃,ε̃,θ?(ỹ − x̃>θ̂λ)2.

Remark: When λ ≥ 0, θ̂λ = arg minθ

∑n
i=1(yi − x>i θ)2 + λθ>Σwθ.

Basic Assumptions (A1):

• Proportional Asymptotics: n, d →∞, d/n→ γ ∈ (1,∞).

• Random Design: xi = ziΣ
1/2
x /
√
n, zi

i.i.d.∼ Pz with zero-mean and
bounded 12th moment. E[ε] = 0, Var(ε) = σ2.

• General Prior: E[θ∗θ>∗ ] = Σθ. Note that this assumption covers both
deterministic and random θ∗.
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Motivation: Generalized Ridge Regression

• Known formulation, but analysis under overparameterization lacking.
• For λ > 0, equivalent to Gaussian prior with general covariance on θ̂.

The formulation covers:
• Standard ridge regression: Σw = Id .
• Principal Component Regression (PCR): discard lower eigendirections by

applying large penalty.
• Algorithms in Deep Learning: connection to decoupled weight decay and

elastic weight consolidation.

Motivation of This Work:

• What is the optimal weighting matrix Σw for the prediction risk?

• Can we show the benefit of weighted shrinkage over other approaches?

• I. Loshchilov, F. Hutter, Decoupled weight decay regularization.

• Kirkpatrick et al. 2017. Overcoming catastrophic forgetting in neural networks.
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Motivation: Anisotropic Prior

For standard ridge regression, λ is provably non-negative under
• Isotropic signal Σθ = Id [Dobriban and Wager 2018].
• Isotropic data Σx = Id [Hastie et al. 2019].

Motivation of This Work:
• Can we precisely characterize the “negative ridge” phenomenon?

Relation between Σx and Σθ is analogous to the source condition in
RKHS literature: E‖Σ−α/2x θ∗‖ <∞.

Motivation of This Work:
• How does the alignment between Σx and Σθ (α in source condition)

affect the optimal regularization strength λ?

• Concurrent work: Richards, D., Mourtada, J. and Rosasco, L., 2020. Asymptotics of
Ridge (less) Regression under General Source Condition.

Generalized Ridge Regression in the Overparameterized Regime 9 / 35



Benefit of General Setup

“Multiple Descent” Risk Curve

• By manipulating Σx and Σθ, the prediction
risk can be highly non-monotonic
w.r.t. γ, i.e. level of overparameterization.

Remark: whenΣx is isotropic, the risk does not exhibit
multiple peaks for γ > 1.
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• Gradient descent (flow) on the least squares
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Alignment between Feature and Signal

(A2) Converging Eigenvalues: empirical distributions of (dx/w , dwθ) jointly converge to

bounded r.v. (υx/w , υwθ), where υx/w ≥ cl > 0, dwθ = diag
(
Ux/wΣ

1/2
w ΣθΣ

1/2
w U>

x/w

)
,

and dx/w and Ux/w are eigenvalues and eigenvectors of Σ−1/2
w ΣxΣ

−1/2
w .

Intuition: when Σw = Id (i.e., standard ridge regression),
• dx/w (or υx/w ): eigenvalues of Σx .
• dwθ (or υwθ): projection of target β∗ onto eigenvectors of Σx .

Definition of Alignment: For a,b ∈ Rd , we say a is aligned (misaligned)
with b when ai ≥ aj iff bi R bj for all i,j.

[xxT]
isotropic *

Isotropic (previous work).

[xxT]
aligned *

Aligned (easy problem).

[xxT]
misaligned *

Misaligned (hard problem).
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Characterization of Prediction Risk

Thm. Under (A1-2), the asymptotic prediction risk R(θ̂λ) is given as

Ẽ
(
ỹ − x̃>θ̂λ

)2 p→ m′(−λ)

m2(−λ)

(
γE[υx/wυwθ(υx/w ·m(−λ) + 1)−2]︸ ︷︷ ︸

bias

+ σ̃2︸︷︷︸
variance

)
,

∀λ > −c0, where c0 = (
√
γ−1)2cl , andm(z) > 0 is the Stieltjes transform

of the limiting distribution of the eigenvalues of XΣ−1
w X>.
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λ = 0.1.
• Regularization suppresses the double descent peak [Krogh and Hertz 1992].

• Weighted regularization often dominates standard isotropic shrinkage (red).
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When is Optimal λopt Negative?

Theorem (informal). When the risk is dominated by the bias term,

• λopt < 0 when dx/w is aligned with dwθ.

• λopt > 0 when dx/w is misaligned with dwθ.

• λopt = 0 when the order is random, i.e. E[υwθ|υwx ]
a.s.
= E[υwθ].

Example: Consider Σθ = Σr
x , then for the bias term λopt R 0 iff r R 0.

dx ⇠ dc, d� ⇠ dc

dx ⇠ dc, d� ⇠ ct

dx ⇠ ct, d� ⇠ ct

dx ⇠ ct, d� ⇠ dc
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R(�) (Theoretical)

Ẽ(ỹ � x̃>�̂�)2 (Empirical)
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(b) Misaligned, noiseless
�

<latexit sha1_base64="j0EXrsSQN5L1rSx58grDNSkYY/U=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1gEVyURQZcFXbisYB/QhDKZTNqhk0mYmQg1FH/FjQtF3Pof7vwbJ20W2nphmMM59zBnTpByprTjfFuVldW19Y3qZm1re2d3z94/6Kgkk4S2ScIT2QuwopwJ2tZMc9pLJcVxwGk3GF8XeveBSsUSca8nKfVjPBQsYgRrQw3sIy9IeKgmsblyjxtjiKcDu+40nNmgZeCWoA7ltAb2lxcmJIup0IRjpfquk2o/x1Izwum05mWKppiM8ZD2DRQ4psrPZ+mn6NQwIYoSaY7QaMb+duQ4VkVAsxljPVKLWkH+p/UzHV35ORNppqkg84eijCOdoKIKFDJJieYTAzCRzGRFZIQlJtoUVjMluItfXgad84brNNy7i3rzpqyjCsdwAmfgwiU04RZa0AYCj/AMr/BmPVkv1rv1MV+tWKXnEP6M9fkDQ/eVvQ==</latexit><latexit sha1_base64="j0EXrsSQN5L1rSx58grDNSkYY/U=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1gEVyURQZcFXbisYB/QhDKZTNqhk0mYmQg1FH/FjQtF3Pof7vwbJ20W2nphmMM59zBnTpByprTjfFuVldW19Y3qZm1re2d3z94/6Kgkk4S2ScIT2QuwopwJ2tZMc9pLJcVxwGk3GF8XeveBSsUSca8nKfVjPBQsYgRrQw3sIy9IeKgmsblyjxtjiKcDu+40nNmgZeCWoA7ltAb2lxcmJIup0IRjpfquk2o/x1Izwum05mWKppiM8ZD2DRQ4psrPZ+mn6NQwIYoSaY7QaMb+duQ4VkVAsxljPVKLWkH+p/UzHV35ORNppqkg84eijCOdoKIKFDJJieYTAzCRzGRFZIQlJtoUVjMluItfXgad84brNNy7i3rzpqyjCsdwAmfgwiU04RZa0AYCj/AMr/BmPVkv1rv1MV+tWKXnEP6M9fkDQ/eVvQ==</latexit><latexit sha1_base64="j0EXrsSQN5L1rSx58grDNSkYY/U=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1gEVyURQZcFXbisYB/QhDKZTNqhk0mYmQg1FH/FjQtF3Pof7vwbJ20W2nphmMM59zBnTpByprTjfFuVldW19Y3qZm1re2d3z94/6Kgkk4S2ScIT2QuwopwJ2tZMc9pLJcVxwGk3GF8XeveBSsUSca8nKfVjPBQsYgRrQw3sIy9IeKgmsblyjxtjiKcDu+40nNmgZeCWoA7ltAb2lxcmJIup0IRjpfquk2o/x1Izwum05mWKppiM8ZD2DRQ4psrPZ+mn6NQwIYoSaY7QaMb+duQ4VkVAsxljPVKLWkH+p/UzHV35ORNppqkg84eijCOdoKIKFDJJieYTAzCRzGRFZIQlJtoUVjMluItfXgad84brNNy7i3rzpqyjCsdwAmfgwiU04RZa0AYCj/AMr/BmPVkv1rv1MV+tWKXnEP6M9fkDQ/eVvQ==</latexit><latexit sha1_base64="j0EXrsSQN5L1rSx58grDNSkYY/U=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1gEVyURQZcFXbisYB/QhDKZTNqhk0mYmQg1FH/FjQtF3Pof7vwbJ20W2nphmMM59zBnTpByprTjfFuVldW19Y3qZm1re2d3z94/6Kgkk4S2ScIT2QuwopwJ2tZMc9pLJcVxwGk3GF8XeveBSsUSca8nKfVjPBQsYgRrQw3sIy9IeKgmsblyjxtjiKcDu+40nNmgZeCWoA7ltAb2lxcmJIup0IRjpfquk2o/x1Izwum05mWKppiM8ZD2DRQ4psrPZ+mn6NQwIYoSaY7QaMb+duQ4VkVAsxljPVKLWkH+p/UzHV35ORNppqkg84eijCOdoKIKFDJJieYTAzCRzGRFZIQlJtoUVjMluItfXgad84brNNy7i3rzpqyjCsdwAmfgwiU04RZa0AYCj/AMr/BmPVkv1rv1MV+tWKXnEP6M9fkDQ/eVvQ==</latexit>

(c) Random, noiseless

Remark: for the variance term λopt is always non-negative.
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When is Optimal λopt Negative?

Comparison with previous works: when Σx = Id or Σθ = Id ,

• λopt = 0 if σ = 0, i.e. interpolation is optimal when label is clean.

• λopt > 0 if σ > 0, i.e. positive regularization is required for noisy data.

Our findings under more general setup: given Σw = Id ,

• Negative λ is beneficial when features are useful (“easy” problem);
consequently, interpolation can be optimal even if σ > 0.

• Positive λ is beneficial under misalignment (“hard” problem), even in
the absence of label noise (σ = 0).

Bias-variance Tradeoff: as σ increases, the variance term eventually
dominates, and λopt becomes positive.
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Properties of λopt and the Optimal Risk

Proposition: when γ < 1, λopt is always non-negative under (A1-2).

Message: “negative ridge” is a unique feature of overparameterization.

Implicit `2 Regularization:

Consider Σw = Id and Σθ = Σα
x .

Note that larger α⇒ more aligned problem.

• When α > 0 (aligned), λopt decreases as γ
increases; vice versa.

↵ = �2 ↵ = 2

↵ = �1 ↵ = 1

↵ = 0
<latexit sha1_base64="6oM2us6WVgdJGUQmueYmgAcFCPk=">AAACS3icdVBLSwMxGMxWq7W+qh69BIvixbJbBPUgFLx4rGAf0C3l22y2DWaza5IVSqm/z4sXb/4JLx4U8WDaLtKHDiRMZuYjyXgxZ0rb9quVWVrOrqzm1vLrG5tb24Wd3bqKEklojUQ8kk0PFOVM0JpmmtNmLCmEHqcN7+5q5DceqFQsEre6H9N2CF3BAkZAG6lT8I5c4HEP8CU+KWP3PgE/3bGLH3+9suvmp5LO/0lnJmmbU6dQtEv2GHiROCkpohTVTuHF9SOShFRowkGplmPHuj0AqRnhdJh3E0VjIHfQpS1DBYRUtQfjLob40Cg+DiJpltB4rE5PDCBUqh96JhmC7ql5byT+5bUSHZy3B0zEiaaCTC4KEo51hEfFYp9JSjTvGwJEMvNWTHoggWhT/6gEZ/7Li6ReLjl2ybk5LVYu0jpyaB8doGPkoDNUQdeoimqIoCf0hj7Qp/VsvVtf1vckmrHSmT00g0z2ByF7rOo=</latexit><latexit sha1_base64="6oM2us6WVgdJGUQmueYmgAcFCPk=">AAACS3icdVBLSwMxGMxWq7W+qh69BIvixbJbBPUgFLx4rGAf0C3l22y2DWaza5IVSqm/z4sXb/4JLx4U8WDaLtKHDiRMZuYjyXgxZ0rb9quVWVrOrqzm1vLrG5tb24Wd3bqKEklojUQ8kk0PFOVM0JpmmtNmLCmEHqcN7+5q5DceqFQsEre6H9N2CF3BAkZAG6lT8I5c4HEP8CU+KWP3PgE/3bGLH3+9suvmp5LO/0lnJmmbU6dQtEv2GHiROCkpohTVTuHF9SOShFRowkGplmPHuj0AqRnhdJh3E0VjIHfQpS1DBYRUtQfjLob40Cg+DiJpltB4rE5PDCBUqh96JhmC7ql5byT+5bUSHZy3B0zEiaaCTC4KEo51hEfFYp9JSjTvGwJEMvNWTHoggWhT/6gEZ/7Li6ReLjl2ybk5LVYu0jpyaB8doGPkoDNUQdeoimqIoCf0hj7Qp/VsvVtf1vckmrHSmT00g0z2ByF7rOo=</latexit><latexit sha1_base64="6oM2us6WVgdJGUQmueYmgAcFCPk=">AAACS3icdVBLSwMxGMxWq7W+qh69BIvixbJbBPUgFLx4rGAf0C3l22y2DWaza5IVSqm/z4sXb/4JLx4U8WDaLtKHDiRMZuYjyXgxZ0rb9quVWVrOrqzm1vLrG5tb24Wd3bqKEklojUQ8kk0PFOVM0JpmmtNmLCmEHqcN7+5q5DceqFQsEre6H9N2CF3BAkZAG6lT8I5c4HEP8CU+KWP3PgE/3bGLH3+9suvmp5LO/0lnJmmbU6dQtEv2GHiROCkpohTVTuHF9SOShFRowkGplmPHuj0AqRnhdJh3E0VjIHfQpS1DBYRUtQfjLob40Cg+DiJpltB4rE5PDCBUqh96JhmC7ql5byT+5bUSHZy3B0zEiaaCTC4KEo51hEfFYp9JSjTvGwJEMvNWTHoggWhT/6gEZ/7Li6ReLjl2ybk5LVYu0jpyaB8doGPkoDNUQdeoimqIoCf0hj7Qp/VsvVtf1vckmrHSmT00g0z2ByF7rOo=</latexit><latexit sha1_base64="6oM2us6WVgdJGUQmueYmgAcFCPk=">AAACS3icdVBLSwMxGMxWq7W+qh69BIvixbJbBPUgFLx4rGAf0C3l22y2DWaza5IVSqm/z4sXb/4JLx4U8WDaLtKHDiRMZuYjyXgxZ0rb9quVWVrOrqzm1vLrG5tb24Wd3bqKEklojUQ8kk0PFOVM0JpmmtNmLCmEHqcN7+5q5DceqFQsEre6H9N2CF3BAkZAG6lT8I5c4HEP8CU+KWP3PgE/3bGLH3+9suvmp5LO/0lnJmmbU6dQtEv2GHiROCkpohTVTuHF9SOShFRowkGplmPHuj0AqRnhdJh3E0VjIHfQpS1DBYRUtQfjLob40Cg+DiJpltB4rE5PDCBUqh96JhmC7ql5byT+5bUSHZy3B0zEiaaCTC4KEo51hEfFYp9JSjTvGwJEMvNWTHoggWhT/6gEZ/7Li6ReLjl2ybk5LVYu0jpyaB8doGPkoDNUQdeoimqIoCf0hj7Qp/VsvVtf1vckmrHSmT00g0z2ByF7rOo=</latexit>
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3 ↵ = �2 ↵ = 2

↵ = �1 ↵ = 1

↵ = 0
<latexit sha1_base64="grZhdlfQrVHQxSFb5flDpv2kmWI=">AAACS3icdVBLSwMxGMxWq7W+qh69BIvixbJbBHsRCl48VrAP6C7l22y2DWYfJlmhLPX3efHizT/hxYMiHkzbRfrQgYTJzHwkGTfmTCrTfDVyK6v5tfXCRnFza3tnt7S335JRIghtkohHouOCpJyFtKmY4rQTCwqBy2nbvbsa++0HKiSLwls1jKkTQD9kPiOgtNQruSc28HgA+BKfVbF9n4CX7djGj79e1baLM0nr/6Q1lzT1qVcqmxVzArxMrIyUUYZGr/RiexFJAhoqwkHKrmXGyklBKEY4HRXtRNIYyB30aVfTEAIqnXTSxQgfa8XDfiT0ChWeqLMTKQRSDgNXJwNQA7nojcW/vG6i/JqTsjBOFA3J9CI/4VhFeFws9pigRPGhJkAE02/FZAACiNL1j0uwFr+8TFrVimVWrJvzcr2W1VFAh+gInSILXaA6ukYN1EQEPaE39IE+jWfj3fgyvqfRnJHNHKA55PI/IS6s6Q==</latexit><latexit sha1_base64="grZhdlfQrVHQxSFb5flDpv2kmWI=">AAACS3icdVBLSwMxGMxWq7W+qh69BIvixbJbBHsRCl48VrAP6C7l22y2DWYfJlmhLPX3efHizT/hxYMiHkzbRfrQgYTJzHwkGTfmTCrTfDVyK6v5tfXCRnFza3tnt7S335JRIghtkohHouOCpJyFtKmY4rQTCwqBy2nbvbsa++0HKiSLwls1jKkTQD9kPiOgtNQruSc28HgA+BKfVbF9n4CX7djGj79e1baLM0nr/6Q1lzT1qVcqmxVzArxMrIyUUYZGr/RiexFJAhoqwkHKrmXGyklBKEY4HRXtRNIYyB30aVfTEAIqnXTSxQgfa8XDfiT0ChWeqLMTKQRSDgNXJwNQA7nojcW/vG6i/JqTsjBOFA3J9CI/4VhFeFws9pigRPGhJkAE02/FZAACiNL1j0uwFr+8TFrVimVWrJvzcr2W1VFAh+gInSILXaA6ukYN1EQEPaE39IE+jWfj3fgyvqfRnJHNHKA55PI/IS6s6Q==</latexit><latexit sha1_base64="grZhdlfQrVHQxSFb5flDpv2kmWI=">AAACS3icdVBLSwMxGMxWq7W+qh69BIvixbJbBHsRCl48VrAP6C7l22y2DWYfJlmhLPX3efHizT/hxYMiHkzbRfrQgYTJzHwkGTfmTCrTfDVyK6v5tfXCRnFza3tnt7S335JRIghtkohHouOCpJyFtKmY4rQTCwqBy2nbvbsa++0HKiSLwls1jKkTQD9kPiOgtNQruSc28HgA+BKfVbF9n4CX7djGj79e1baLM0nr/6Q1lzT1qVcqmxVzArxMrIyUUYZGr/RiexFJAhoqwkHKrmXGyklBKEY4HRXtRNIYyB30aVfTEAIqnXTSxQgfa8XDfiT0ChWeqLMTKQRSDgNXJwNQA7nojcW/vG6i/JqTsjBOFA3J9CI/4VhFeFws9pigRPGhJkAE02/FZAACiNL1j0uwFr+8TFrVimVWrJvzcr2W1VFAh+gInSILXaA6ukYN1EQEPaE39IE+jWfj3fgyvqfRnJHNHKA55PI/IS6s6Q==</latexit><latexit sha1_base64="grZhdlfQrVHQxSFb5flDpv2kmWI=">AAACS3icdVBLSwMxGMxWq7W+qh69BIvixbJbBHsRCl48VrAP6C7l22y2DWYfJlmhLPX3efHizT/hxYMiHkzbRfrQgYTJzHwkGTfmTCrTfDVyK6v5tfXCRnFza3tnt7S335JRIghtkohHouOCpJyFtKmY4rQTCwqBy2nbvbsa++0HKiSLwls1jKkTQD9kPiOgtNQruSc28HgA+BKfVbF9n4CX7djGj79e1baLM0nr/6Q1lzT1qVcqmxVzArxMrIyUUYZGr/RiexFJAhoqwkHKrmXGyklBKEY4HRXtRNIYyB30aVfTEAIqnXTSxQgfa8XDfiT0ChWeqLMTKQRSDgNXJwNQA7nojcW/vG6i/JqTsjBOFA3J9CI/4VhFeFws9pigRPGhJkAE02/FZAACiNL1j0uwFr+8TFrVimVWrJvzcr2W1VFAh+gInSILXaA6ukYN1EQEPaE39IE+jWfj3fgyvqfRnJHNHKA55PI/IS6s6Q==</latexit>

Noiseless �̃ = 0

SNR ⇠ = 5
<latexit sha1_base64="2rMwixqIKuqooMQ0DGPHCCzwgQ4=">AAACIXicbVDLTgIxFO3gC/GFunTTSDSuyIzRyMaExI0rgg/AhCGkUy7Q0HmkvWMkE/wUN/6KGxcaw874MxaYhaInaXJyzrlt7/EiKTTa9qeVWVhcWl7JrubW1jc2t/LbO3UdxopDjYcyVHce0yBFADUUKOEuUsB8T0LDG1xM/MY9KC3C4BaHEbR81gtEV3CGRmrnS4cuwgMmlVCYS0Drx5GLQnYgcbXo+Wx0brtuLg3dVK6N/SDoOT1t5wt20Z6C/iVOSgokRbWdH7udkMc+BMgl07rp2BG2EqZQcAmjnBtriBgfsB40DQ2YD7qVTDcc0QOjdGg3VOYESKfqz4mE+VoPfc8kfYZ9Pe9NxP+8ZozdUisRQRQjBHz2UDeWFEM6qYt2hAKOcmgI40qYv1LeZ4pxNKXmTAnO/Mp/Sf246NhF5+qkUC6ldWTJHtknR8QhZ6RMLkmV1AgnT+SFvJF369l6tT6s8SyasdKZXfIL1tc39raj5A==</latexit><latexit sha1_base64="2rMwixqIKuqooMQ0DGPHCCzwgQ4=">AAACIXicbVDLTgIxFO3gC/GFunTTSDSuyIzRyMaExI0rgg/AhCGkUy7Q0HmkvWMkE/wUN/6KGxcaw874MxaYhaInaXJyzrlt7/EiKTTa9qeVWVhcWl7JrubW1jc2t/LbO3UdxopDjYcyVHce0yBFADUUKOEuUsB8T0LDG1xM/MY9KC3C4BaHEbR81gtEV3CGRmrnS4cuwgMmlVCYS0Drx5GLQnYgcbXo+Wx0brtuLg3dVK6N/SDoOT1t5wt20Z6C/iVOSgokRbWdH7udkMc+BMgl07rp2BG2EqZQcAmjnBtriBgfsB40DQ2YD7qVTDcc0QOjdGg3VOYESKfqz4mE+VoPfc8kfYZ9Pe9NxP+8ZozdUisRQRQjBHz2UDeWFEM6qYt2hAKOcmgI40qYv1LeZ4pxNKXmTAnO/Mp/Sf246NhF5+qkUC6ldWTJHtknR8QhZ6RMLkmV1AgnT+SFvJF369l6tT6s8SyasdKZXfIL1tc39raj5A==</latexit><latexit sha1_base64="2rMwixqIKuqooMQ0DGPHCCzwgQ4=">AAACIXicbVDLTgIxFO3gC/GFunTTSDSuyIzRyMaExI0rgg/AhCGkUy7Q0HmkvWMkE/wUN/6KGxcaw874MxaYhaInaXJyzrlt7/EiKTTa9qeVWVhcWl7JrubW1jc2t/LbO3UdxopDjYcyVHce0yBFADUUKOEuUsB8T0LDG1xM/MY9KC3C4BaHEbR81gtEV3CGRmrnS4cuwgMmlVCYS0Drx5GLQnYgcbXo+Wx0brtuLg3dVK6N/SDoOT1t5wt20Z6C/iVOSgokRbWdH7udkMc+BMgl07rp2BG2EqZQcAmjnBtriBgfsB40DQ2YD7qVTDcc0QOjdGg3VOYESKfqz4mE+VoPfc8kfYZ9Pe9NxP+8ZozdUisRQRQjBHz2UDeWFEM6qYt2hAKOcmgI40qYv1LeZ4pxNKXmTAnO/Mp/Sf246NhF5+qkUC6ldWTJHtknR8QhZ6RMLkmV1AgnT+SFvJF369l6tT6s8SyasdKZXfIL1tc39raj5A==</latexit><latexit sha1_base64="2rMwixqIKuqooMQ0DGPHCCzwgQ4=">AAACIXicbVDLTgIxFO3gC/GFunTTSDSuyIzRyMaExI0rgg/AhCGkUy7Q0HmkvWMkE/wUN/6KGxcaw874MxaYhaInaXJyzrlt7/EiKTTa9qeVWVhcWl7JrubW1jc2t/LbO3UdxopDjYcyVHce0yBFADUUKOEuUsB8T0LDG1xM/MY9KC3C4BaHEbR81gtEV3CGRmrnS4cuwgMmlVCYS0Drx5GLQnYgcbXo+Wx0brtuLg3dVK6N/SDoOT1t5wt20Z6C/iVOSgokRbWdH7udkMc+BMgl07rp2BG2EqZQcAmjnBtriBgfsB40DQ2YD7qVTDcc0QOjdGg3VOYESKfqz4mE+VoPfc8kfYZ9Pe9NxP+8ZozdUisRQRQjBHz2UDeWFEM6qYt2hAKOcmgI40qYv1LeZ4pxNKXmTAnO/Mp/Sf246NhF5+qkUC6ldWTJHtknR8QhZ6RMLkmV1AgnT+SFvJF369l6tT6s8SyasdKZXfIL1tc39raj5A==</latexit>

�opt
<latexit sha1_base64="bGN1Vtl9BsvxaFsxX0zg2IjtXMo=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5KIoAsXBTcuK9hWaEKYTKbt0MkkzNyINQR/xY0LRdz6H+78G6dtFtp6YOBwzrncOydMBdfgON9WZWl5ZXWtul7b2Nza3rF39zo6yRRlbZqIRN2FRDPBJWsDB8HuUsVIHArWDUdXE797z5TmibyFccr8mAwk73NKwEiBfeAJE45IkHvAHiBPUiiKwK47DWcKvEjcktRRiVZgf3lRQrOYSaCCaN1znRT8nCjgVLCi5mWapYSOyID1DJUkZtrPp9cX+NgoEe4nyjwJeKr+nshJrPU4Dk0yJjDU895E/M/rZdC/8HMu0wyYpLNF/UxgSPCkChxxxSiIsSGEKm5uxXRIFKFgCquZEtz5Ly+SzmnDdRruzVm9eVnWUUWH6AidIBedoya6Ri3URhQ9omf0it6sJ+vFerc+ZtGKVc7soz+wPn8AlUaV7Q==</latexit><latexit sha1_base64="bGN1Vtl9BsvxaFsxX0zg2IjtXMo=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5KIoAsXBTcuK9hWaEKYTKbt0MkkzNyINQR/xY0LRdz6H+78G6dtFtp6YOBwzrncOydMBdfgON9WZWl5ZXWtul7b2Nza3rF39zo6yRRlbZqIRN2FRDPBJWsDB8HuUsVIHArWDUdXE797z5TmibyFccr8mAwk73NKwEiBfeAJE45IkHvAHiBPUiiKwK47DWcKvEjcktRRiVZgf3lRQrOYSaCCaN1znRT8nCjgVLCi5mWapYSOyID1DJUkZtrPp9cX+NgoEe4nyjwJeKr+nshJrPU4Dk0yJjDU895E/M/rZdC/8HMu0wyYpLNF/UxgSPCkChxxxSiIsSGEKm5uxXRIFKFgCquZEtz5Ly+SzmnDdRruzVm9eVnWUUWH6AidIBedoya6Ri3URhQ9omf0it6sJ+vFerc+ZtGKVc7soz+wPn8AlUaV7Q==</latexit><latexit sha1_base64="bGN1Vtl9BsvxaFsxX0zg2IjtXMo=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5KIoAsXBTcuK9hWaEKYTKbt0MkkzNyINQR/xY0LRdz6H+78G6dtFtp6YOBwzrncOydMBdfgON9WZWl5ZXWtul7b2Nza3rF39zo6yRRlbZqIRN2FRDPBJWsDB8HuUsVIHArWDUdXE797z5TmibyFccr8mAwk73NKwEiBfeAJE45IkHvAHiBPUiiKwK47DWcKvEjcktRRiVZgf3lRQrOYSaCCaN1znRT8nCjgVLCi5mWapYSOyID1DJUkZtrPp9cX+NgoEe4nyjwJeKr+nshJrPU4Dk0yJjDU895E/M/rZdC/8HMu0wyYpLNF/UxgSPCkChxxxSiIsSGEKm5uxXRIFKFgCquZEtz5Ly+SzmnDdRruzVm9eVnWUUWH6AidIBedoya6Ri3URhQ9omf0it6sJ+vFerc+ZtGKVc7soz+wPn8AlUaV7Q==</latexit><latexit sha1_base64="bGN1Vtl9BsvxaFsxX0zg2IjtXMo=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5KIoAsXBTcuK9hWaEKYTKbt0MkkzNyINQR/xY0LRdz6H+78G6dtFtp6YOBwzrncOydMBdfgON9WZWl5ZXWtul7b2Nza3rF39zo6yRRlbZqIRN2FRDPBJWsDB8HuUsVIHArWDUdXE797z5TmibyFccr8mAwk73NKwEiBfeAJE45IkHvAHiBPUiiKwK47DWcKvEjcktRRiVZgf3lRQrOYSaCCaN1znRT8nCjgVLCi5mWapYSOyID1DJUkZtrPp9cX+NgoEe4nyjwJeKr+nshJrPU4Dk0yJjDU895E/M/rZdC/8HMu0wyYpLNF/UxgSPCkChxxxSiIsSGEKm5uxXRIFKFgCquZEtz5Ly+SzmnDdRruzVm9eVnWUUWH6AidIBedoya6Ri3URhQ9omf0it6sJ+vFerc+ZtGKVc7soz+wPn8AlUaV7Q==</latexit>
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Monotonicity of Optimal Risk R(λopt):

Prop. (informal). Given Σθ ∝ 1
d
Id and Σw = Id ,

the optimally regularized prediction risk R(λopt)

is an increasing function of γ ∈ (0,∞).

Message: Optimal ridge regularization (purple)
can suppress multiple descent. 0.5 1.0 1.5 2.0

1 = n/p

100

R( )

= 0
opt = 2/c
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Optimal Weighting Matrix Σw

Questions we aim to address:

• What is the optimal Σw that minimizes minλR(θ̂λ)?

• What is the best Σw we can construct when knowledge on the true
parameters θ∗ is not available?

• (A3) Codiagonalizability: Σx = UDxU> and Σw = UDwU>, where
U ∈ Rd×d is orthogonal, and Dx = diag(dx),Dw = diag(dw ).

• (A4) Converging Eigenvalues: the empirical distributions of (dx , d̄θ, dx/w )

jointly converge to non-negative randomly variables (υx , υθ, υx/w ) upper- and
lower-bounded away from 0, in which we defined d̄θ = diag

(
U>ΣθU

)
.

Remark: when Σθ is also codiagonalizable with Σx , d̄θ corresponds to its
eigenvalues, i.e. Σθ = UDθU> and diag(Dθ) = d̄θ.
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Optimal Weighting Matrix Σw (continued)

Thm. Σ−1
w = U diag

(
d̄θ
)
U> is optimal

among all Σw satisfying (A3-4).

• Matches the maximum a posteriori estimate.

• Requires knowledge of Σθ (not practical).

Question: is there a reasonable Σw based on Σx ,
which can be estimated from unlabeled data?
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⌃w = ⌃�1
� ⌃w = ⌃x

⌃w = ⌃�1
x ⌃w = ⌃�

⌃w = I
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Illustration of optimal Σw .

Coro. Σ−1
w = f (Σx) is optimal among all

Σw only depending on Σx , where f (υx) =

E[υθ|υx ] applies to the eigenvalues.

• Heuristic: approximate f with polynomial
function and cross-validate the parameters.

• When E[υθ|υx ] = E[υθ], Σw = Id is reasonable.
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Proposed heuristic.
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Discussion and Conclusion

By analyzing generalized ridge regression under general setup,

• We determine the sign of the optimal ridge regularization.
• Negative ridge can be beneficial under aligned (“easy”) problem.

• We characterize the optimal explicit regularization Σw .

Future Directions:

• Estimate Σw based on training samples.

• Extend result to more complicated models,
e.g. random features model and neural net.

Remark: benefit of negative regularization is also
empirically observed in RF model (red).
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two-layer neural network.

Question: what about implicit regularization, i.e. λ→ 0?
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When Does Preconditioning Help or Hurt Generalization?

Shun-ichi Amari, Jimmy Ba, Roger Grosse, Xuechen Li,
Atsushi Nitanda, Taiji Suzuki, Denny Wu, Ji Xu.

(ICLR 2021)

• Precise error analysis of preconditioned
least squares regression (ridgeless) in the
overparameterized regime.

• Empirical validation of theoretical
findings in neural networks. 0.0 0.2 0.4 0.6 0.8 1.0
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Preconditioned Gradient Descent

Update rule: θt+1 = θt − ηP(t)∇θtL(fθt ), t = 0, 1, . . ..

Common choices of preconditioner P and corresponding algorithm:

• Inverse Fisher information matrix ⇒ natural gradient descent (NGD).
• Certain diagonal matrix ⇒ adaptive gradient methods (e.g. Adagrad, Adam).

Geometric Intuition: alleviate the effect of pathological curvature (using
2nd order information) and speed up optimization.

Figure from Xanadu blog post.

Question: how does preconditioning affect generalization?
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Motivation: Implicit Bias of Optimizers

In the online learning setup, efficient optimization ≈ good generalization.
This work: learning a fixed dataset, possibly achieving zero training loss.

Implicit Bias in Interpolants

• Modern machine learning models (e.g.
neural nets) are often overparameterized.

• Overparameterized models may interpolate
training data in different ways.

• P affects the properties of the interpolant. 20 15 10 5 0 5 10 15
input data
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Motivation of This Work:
• In the interpolation setting (i.e. absence of explicit regularization),

how does preconditioning influence the generalization performance?
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Implicit Bias in Overparameterized Linear Regression

Motivating Example: preconditioned gradient descent (PGD) on the
overparameterized least squares objective: L(θ) = 1

n‖y − Xθ‖22.

Stationary Solution (t →∞):

• Gradient descent: min `2-norm solution.

• Preconditioned GD: for time-independent and
full-rank P, min ‖θ‖P−1 norm solution.

Common Argument: min `2-norm solution generalizes
well⇒ GD (P = Id) is better (e.g. [Wilson et al. 2017]).

GD

Precond.
 GD

[xx ]
P 1

y = X
initialization

Question: Why is the `2 norm the right measure for generalization?

Motivation of This Work:
• In simplified settings, can we determine the optimal preconditioner

that leads to the lowest generalization error?
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Preconditioned Linear Regression: Problem Setup

• Data Model: E[xx>] = Σx ; X ∈ Rn×d , n, d →∞ and d/n→ γ > 1.

• Gradient Update: dθ(t) = 1
nP(t)X>(y − Xθ(t))dt, θ(0) = 0.

Consider natural gradient descent (NGD) as an example. Given data distribu-
tion and model p(X , y |θ) = p(X )p(y |fθ(X )),

F = E[∇θ log p(X , y |θ)∇θ log p(X , y |θ)>] = −E[∇2
θ log p(X , y |θ)].

The NGD update direction is then given by F−1∇θL(X , fθ).

Remark: for squared loss, the Fisher reduces to E[J>f Jf ] [Martens 2014].

For least squares regression, many preconditioners are time-invariant:

• Sample Fisher (Hessian) ⇔ sample covariance X>X/n.

• Population Fisher ⇔ population covariance Σx .

We thus limit our analysis to fixed preconditioners P(t) =: P.
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Stationary Solution of Preconditioned Regression

For positive definite P, the gradient flow trajectory is described by

θP(t) = PX>
[
In − exp

(
− t

n
XPX>

)]
(XPX>)−1y ,

and the stationary solution θ̂P is the min ‖θ‖P−1 norm interpolant:

θ̂P := lim
t→∞

θP(t) = PX>(XPX>)−1y = arg minXθ=y‖θ‖P−1 .

Noticeable examples of preconditioned update:

• Identity: P = Id gives the min `2 norm interpolant
(also true for momentum GD and SGD).

• Population Fisher: P = F−1 = Σ−1
x .

• Sample Fisher: P = (X>X + λId)−1 or (X>X )†

results in the min `2 norm solution (same as GD). time
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Remark: population Fisher can be estimated from extra unlabeled data.

For parametric approximations see talk this afternoon!
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Implicit Bias of Natural Gradient Descent

Starting from zero initialization:

• GD solution θ̂I has small parameter norm ‖θ‖2.
• NGD solution θ̂F−1 has small function norm Ep(x)[f (x)2] = ‖θ‖2Σx

.

• Sample Fisher-based updates behaves similar to GD.

Similar findings also empirically observed in simple neural networks:

20 15 10 5 0 5 10 15
input data

0.4

0.2

0.0

0.2

0.4

la
be

l (
m

od
el

 o
ut

pu
t)

GD
NGD
sqrt NGD
initialization
training data

1D illustration.
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Question: How does this difference translate to the generalization performance?
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Bias-variance Decomposition

• Student-teacher setup: labels are generated by a teacher model
(target function) with additive noise: yi = f∗(xi ) + εi .

• Goal: determine the optimal preconditioner P under different
conditions of label noise and teacher model.

Key observation: lim
λ→0

(
X>X +λP−1

)†X>y = PX>(XPX>)−1y .

⇒ It suffices to analyze the ridgeless limit of generalized ridge regression.

Bias-variance Decomposition:

R(θ) = EPX
[(f ∗(x)− x>EPε [θ])2]︸ ︷︷ ︸

B(θ), bias

+ tr(Cov(θ)Σx)︸ ︷︷ ︸
V (θ), variance

.

• Variance term is due to the label noise (independent to the teacher).

• Bias term only depends on the teacher model and data distribution.
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Variance Term: NGD is Optimal

Thm. Given (A1-2), the variance is mini-
mized by NGD: P = F−1 = Σ−1

x .

Message: when labels are noisy (risk is
dominated by variance), NGD is beneficial.

Remark: Note that population Fisher is required. 1.5 2.0 2.5 3.0
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Two-layer MLP: student-teacher setup (distillation)
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• Left: NGD (population Fisher) achieves lower risk under large label noise.
• Right: sample Fisher (i.e. less unlabeled data used) behaves like GD.
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Misspecification ≈ Label Noise

Misspecified Model: f∗(x) = x>θ∗ + f c∗ (x); the
residual f cx cannot be learned by the student.
Intuition: f c∗ is “similar” to additive label noise.

Message: NGD is beneficial under misspecification.
extent of nonlinearity
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Misspecification in Neural Networks
• Student: two-layer MLP; Teacher: ResNet-20 at varying training epochs.

• Heuristic measure of misspecification:
√

y>K−1y/n, where K is the neural
tangent kernel (NTK) matrix of the student.
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Misspecification on CIFAR-10.
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Bias Term: the Well-specified Case

Well-specified Model: f∗(x) = x>θ∗. General prior: E[θ∗θ>∗ ] = Σθ.

Thm. Under (A1,3,4), the bias is minimized by P =U diag
(
U>ΣθU

)
U>.

No-free-lunch: the optimal P is usually not known a priori.
• GD generalizes better when target is isotropic Σθ = Id .
• NGD is optimal under misalignment Σθ = Σ−1

x .

Example (source condition). When Σθ = Σr
x , there ex-

ists a transition point r∗ ∈ (−1, 0) s.t. GD achieves lower
(higher) bias than NGD when r >(<) r∗.
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Linear regression.
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Two-layer MLP (MNIST).
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Bias-variance Tradeoff: Interpolating between P

The optimal P for the bias and variance are in general different.

Question: how can we trade in one of bias/variance for the other?

Example: Consider Σθ = Id , Σx 6= Id , and the following interpolation schemes:

• Additive: Pα = (αΣx +(1−α)Id)−1, corresponds to the damped inverse.
• Geometric: Pα=Σ−αx , covers the “conservative” square-root scaling.

Proposition (informal). The stationary bias/variance is monotonically
increasing/decreasing w.r.t. α in a certain range between 0 and 1.

⇒ At certain SNR, interpolating between GD and NGD is beneficial.
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Bias-variance Tradeoff: Early Stopping

We have thus far only looked at the stationary solution (t →∞).

Question: what about algorithmic regularization such as early stopping?

Proposition (informal). Define Bopt(θ)= inf t≥0B(θ(t)). Under (A1-4),
1. the variance V (θP(t)) monotonically increases through time.

2. when Σθ=Σ−1
x (misaligned), Bopt(θP) ≥ Bopt(θF−1).

3. when Σθ = Id (isotropic), Bopt(θI ) ≤ Bopt(θF−1).

• (1) suggests that early stopping is beneficial when
data is noisy (due to reduction of variance).

• (2-3) suggests that early stopping may not alter
the comparison of the well-specified bias (between
GD and NGD). time
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Question: What about the early stopping time, i.e. number of steps
(efficiency) needed to achieve the optimal population risk?
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RKHS Regression: Fast Decay of Population Risk

Aim to show: preconditioning ⇒ efficient reduction of population risk.

• Model: yi = f ∗(xi ) + εi . S : H → L2(PX ). Σ = S∗S ; L = SS∗.

• Optimization: ft = ft−1−η(Σ +αI )−1(Σ̂ft−1− Ŝ∗Y ), f0 = 0. ft ∈ H.

Remark: the population Fisher corresponds to the covariance operator Σ. The
update is thus an additive interpolation between GD and NGD.

Assumptions:

• Source Condition: ∃r ∈(0,∞) s.t. f ∗=Lrh∗ for some h∗∈L2(PX ).

• Capacity Condition: ∃s > 1 s.t. tr
(

Σ1/s
)
<∞ and 2r + s−1 > 1.

• Regularity of RKHS: ∃µ ∈ [s−1, 1],Cµ > 0 s.t. supx ‖Σ1/2−1/µKx‖H ≤ Cµ.

Remark: source condition relates to the previously discussed alignment:
Large r ⇒ smoother teacher model, i.e. ”easier” problem; vice versa.
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Fast Decay of Population Risk (continued)

Theorem (informal). Given µ≤ 2r or r ≥ 1/2, for sufficiently large n, precon-
ditioned update with α = n−

2s
2rs+1 achieves the minimax optimal convergence

rate R(ft) = ‖Sft − f ∗‖2L2(PX ) = Õ
(
n−

2rs
2rs+1

)
in t = Θ(log n) steps, whereas

ordinary gradient descent requires t=Θ
(
n

2rs
2rs+1

)
steps.

Remark: similar to the role of momentum [Pagliana and Rosasco 2019].

• The optimal interpolation coefficient α and stopping time t are chosen
to balance the bias and variance.

• α increases with r – NGD is advantageous for “hard” problems.
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Implicit Bias of Preconditioned Gradient Descent 33 / 35



Discussion and Conclusion

Overparameterized Least Squares Regression:
• Identified factors that impact the generalization of ridgeless interpolant.

• NGD is advantageous under noisy labels or misaligned (“hard”) problem.
• Discussed how bias-variance tradeoff can be realized.

RKHS Regression: preconditioned update achieves minimax optimal
rate in much fewer steps (i.e. faster decay in population risk).

Neural Networks: empirical trends matching our theoretical analysis.

Future Directions:
• Understand time-varying preconditioners (e.g. adaptive methods)
• Characterize additional factors (step size, explicit regularization, etc.)

Caution: properties of linear or kernel model may not
translate to neural network...

See talks this afternoon!
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